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tempts to make any Progreſs in them, 

na- 


DEDICATION. 


naturally ſeek Your Grace's protecti i- 


on: For you have always ſhewn a 
noble Inclination to promote every 


kind of uſeful Knowledge, and polite 


Learning. 


This, and Your Grace's known 
Goodneſs, are the Motives that en- 


couraged me to hope for a favourable 
Reception of my Pertormance ; to 


which the Patronage of your great 


Name, is an honour that requires all 
my Gratitude, and engages: me ever 
to be, with a — Reſpect and 


Veneration, 
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— 
Lonpon, May | 


| and * FERN 
20, 1736. FE WP : 


Servant, 
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HE excellency and uſefulneſs of Mathematics in 

general, and more eſpecially of thoſe branches 
which we conſider in this Treatiſe, have 
been ſo clearly ſhewn by many very able Au- 
thors, that I need not enlarge upon the fame : I 
- EIT only intend by this Preface to give my Readers 
ſome of the Reaſons, which have induced me to write upon a Sub- 

je&, which has been already very largely handled by ſome of the 
— moſt conſiderable Mathematicians among the Moderns. 


Notwithſtanding that a great part of this Work contains the 
fame Truths, as have been demonſtrated by others; I conceived 
that the pains of learning them, and the time neceſſary to be 

ſpent in thoſe Inquiries, would be conſiderably leflened, if by a 
proper Order or Method, the connection of the ſeveral Properties 

of the Conic- Sections and other Curves, was ſhewn in a clearer, 

and, at the ſame time, in a more conciſe manner than what is 
nerally to be met with in Books written on that Subject. This 

444 and Natural Order is what I have aim'd at in this 

Treatiſe. | . = 


In the firſt place, I have gathered together and brought into a 
little compaſs, not only all the moſt remarkable Properties of the 
Conic-Sections, which are ſcattered up and down in moſt other 
Authors, but I have alſo inſerted ſeveral remarkable new ones, 
and have endeavoured to demonſtrate the whole with clearneſs 
RS TPP. 
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In the Plates”; I have, as. much as it was poſlible; always 


marked the fame lines with the ſame letters; and expreſſed them 


in the Book by the fame algebraical Symbols, fo that there are 
not above five or fix letters to be remembered for the reading of 


the whole firſt Book. The fame Definition ſerves for the three 


Conic- Sections (for the Circle and the Ellipſis are conſidered but 


as one), and the fame Demonſtration ſerves likewiſe for each, 
except in a few caſes in the Parabola, wherein a particular De- 


monſtration is given, in order to render them the eaſier to 


| Learners, I have taken particular care to demonſtrate ſuch Pro- 


poſitions, as relate to our Subject, which Sir Jaac Newton (in his 
Principia) ſuppoſes the Reader to be acquainted with; and I 
have inſerted a Table of his Propoſitions, and the place in this 
Book where they are demonſtrated. T7 


I ſuppoſe our Reader to have ſome knowledge both of the Ele- 


| mentary Geometry and common Algebra, and I adviſe Learners 
to read at firſt the Demonſtration for each Conic- Section ſeparate- 


ly, and then conſider them all together. The Elligfs and the 
Hyperbola have ſo great a connection, that their 
reſpect to their Diameters) differ only in their Signs, for which rea- 


ſon the ſame Equations relating to both have a double Sign, the 


upper one belongs always to the Ellipfis. : 


As the intent of the Poſtulatum at the beginning, 1s only to 
ſhew rhe connection between the Parabola and the other Ge ctions, 


it may be paſſed over, there being no Demonſtration depending 
thereon. e ee e 


Tho it may ſeem in a manner needleſs to treat of the 1 


of Fluxions, ſince its Inventor, Sir aac Newton, has already fo fully 


delivered the Elements thereof, and ſo ſucceſsfully applied that ad- 
mirable Diſcovery to the moſt ſublime parts of the Mathematics; 


yet becauſe moſt (if not all) Inventions of this Nature may at firſt 
appear ſomewhat abſtruſe, and perhaps ſeem to require ſome II- 


luſtration, I hope therefore that the Method I have taken in ex- 


plaining this Doctrine, will not appear entirely uſeleſs. I make no 
uſe of infinitely ſmall quantities, nor of naſcent or evaneſcent velo- 
cities; and yet I think to have explained thoſe Principles, fo that 
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any Perſon of a moderate capacity, reading that part of this Book 
with due attention, may be fully convin d of the Truth 


In. order to this, 'T conſider a Curve- line to be generated by 
the motion of a point, urged by two powers acting in two 


different Directions, the one parallel to the Abſciſſes and the 
other parallel to the Ordinates. I prove from thence, that if 
this point (when arrived at a given place) did continue to move 


with the velocity it has there, it would proceed in a right- 


line touching the Curve in that place: From whence I 
conclude that the Direction of the point in the ſaid place, is in 
the Tangent: So that the three Directions being known in 

each place, the proportion between the velocities of the urging 
powers is likewiſe known. eee . 


Now the velocity in the Direction of the Abſciſſes being 


to the velocity in the Direction of the Ordinates, as the Sub- 
tangent is to the correſpondent Semi ardinate; if the Law of 


theſe velocities is given, the Nature of the Curve may be found; 
and on the contrary, the Nature of the Curve being given, the 
Law obſerved by thoſe velocities may likewiſe be found. yo 


In the uſe of Fluxions T conſider only finite quantities ; and 


the Fluxion of a Rectangle, whoſe fides are variable or flowing 


quantities, is found without rejecting any thing. Particular care 
has been taken in the ſecond Section of the tecond Book to diſtin- 


guiſh the Maximums from the Minimums, which has not been 
| ſo much taken notice of as it requires: And for the better expla- 
nation of this uſeful Doctrine, I have illuſtrated it in the laſt 
Section of this Work, with ſeveral Problems, and every where 
clearly proved, that the Maximum or the Minimum f 


| equired, 
has been really found. I muſt add in this place, that in Article 


181, ſometimes the Minimum between two Maximums becomes 


nothing; eſpecially, when one is poſitive and the other nega- 
tive; and ſometimes the Maximum between two Minimums be- 
comes infinite, 3 
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1n the third and laſt Book, general Formula's for the Fluxions 


of Areas or Surfaces, and Solids, are deduced from the ſame Prin- 
ciples as thoſe of Fluxions in general ; and I hope in a clearer 


manner than is uſual ; and likewiſe the general Formula's for 


finding the Centers of Gravity, Oſcillation and Percuſſion, 


When the Reſolution of Problems depends on ſuch fluxion- 


ary Expreſſions, whoſe Fluents may be referred to the qua- 


drature of the Conic-SeCtions, I have made uſe of the Ta- 
| bles of Sines and Logarithms, which Method is eſteemed to be 
ſhort and eaſy : And I have endeavoured to make the Prin- 
ciples thereof as clear as poſſible ; and the more ſo, becauſe 


Its uſe is almoſt entirely neglected, for want of having it ſuffici- 
ently exemplified ; and beſides what we have here done, will 


fully explain and illuſtrate Mr, Cotes's TABLES of FLUENTS. 


Ihe laſt Section of this Treatiſe, relates to practical mat- 
ters only: It contains a Select Collection of Phy/ico-Mathematical 
Problems, the moit part of which are very uſeful and wholly 


new. I have conſidered them in the moſt general manner that I 


could think of; ſo that ſeveral of them may ſerve as univerſal 
Canons for an infinite number of particular Examples : and as to 


thoſe which I have taken from other Authors, I have made their 


Conſtructions more ſimple and the Proceſs much ſhorter, | 
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Prob. I. To find the Curve of a Vault or Arch, fuch that all the 
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Do&tines of FLUXIONS and FLUENTS fully 


Explained. 


S244 E 
8. T 1 0. N I 


of Conie- Sections conſider d in Plano. 


POSTULATUM 


x * each other by a finite quantity, may be . We 


DR 2 


* equal. 


De 


connection of the Conic- Sections; but whenever we 


make uſe of it in the demonſtration of any Propoſition, we ſhall 
give always another Demonſtration independent on it. 


B 7 2 


De RAN T that two infinite quantities, differing from 


This Pofllatum is here of uſe only to ſhew the 
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FC. 3.5, F the Rectangle APa of the parts of + a given right line PTS 
1 terminated by the interſection P of the perpendicular Mm, 
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be always to the Square PM or Pm m of the parts of that line ter- 
minated by the line Aa and by a Curve-line MAm, in the given 


ratio of Aa to another line 2þ; that is, if APa: PM:: Aa: 2p; 
the Curvitinear Figures MA m are call d by che general name of 
Conic- Sections; becauſe the interſections of a Cone and a Plane va- 


riouſly inclined, will repreſent ſuch figures, 'as will be ſhewn here- 
after. 


1 4 
5 If the line Mm always falls between the points A, a, and Aa> 
Fre. z. or ↄ 2p; the * go * MAm is call'd an Ellipfis; and when Aa 
F. 2. 2p. it! is call'd a Circle. 

Fic. 5. Ik the line Ku r s falls without the points A, a, and Aa 
or < 2p; the figures Mam, Nan are call'd oppoſite Hyperbola S; 
and when Aa 2p, the oppoſite Hyperbola s are call d — 


ral Hyperbola's. 
haut if the line Aa be biſeted | in C, and he he Square EP = b 
the Square CA be always to the Square PL or PI in the a 


given ratio of Aa to 2p, that is, if CP+CA: PL: ::Aa:2p, and 3 
the line LP interſects any where the line Aa; the figures 
LBS, lbs are calld Conjugate Hyperbola's to the former, as on 

the contrary the former are ſaid to be Conjugates to the latter 

N. B. Hereafter we ſhall always confider the oppoſite Hyper- 

bola's 8 as ; the WE Section, 


4. 
y the 70% If Pa Wenne infinite, ſo that it may 'be ken for * Aa; the 
_ proportion AP x Pa: PM: Aa: 2%, will become AP Xx Aa: PM:: 


re 6. Aa: 25 or 2px AP =PM, and the Figure ® M AM is then call- 


ed a Parabola. 


. Any 


Of CoNIC-SECTIONS. 


5. 


Any line as Aa, bikecking ſeveral parallel lines as MN, mn, Pre. 9, 1 


terminating in a Conic- Section, is call d a Diameter; and when 
it cuts thoſe lines at right angles, it is alſo call'd an Axis. 


6 a 


The lines MN, mn, are call'd Ordinates to the diameter Aa; 


and the ordinate Bb biſecting its diameter, is calldd Conjugate 
Diameter to the firſt, and on the contrary, the firſt is ſaid to be 
Conjugate to the ſecond, — 


=F 


© The Parts AP, Ap of a diameter terminated by its ordinates 


and the Curve, are call d Abfciſſes 
e 


The Point A or a, where the diameter meets the Curve, is call'd 


the Vertex. 
= 


The giv en fic expreſſed by 2p is calbd the Parameter of the 


Diameter A4. 
1 8 10. 


The Point F or f in the Axis, thro which an ordinate to the pic. 


Axis equal to the parameter 2 5 paſſes, is call d the Focus. 


. 


ter. | 
| | | 12. | | 
A right line meeting a Conic-Section but in one point, and 


which continued both ways, does not fall within the Section, is 
call'd a Tangent. | - CRE ng fo Nr 


N. B. Henceforward we ſhall always call the Abſciſs AP =x, 


CP=u, the Semi-ordinate PM or PL=y, the firſt Axis Aa=2 a, 


the ſecond or Conjugate Bb=26, and the diſtance between the 
foci F 22d. | _— ee ee | — 


CO ROI 


3 


| 
* 


3.5 6. 


| And the point C which biſects the Axis Aa, is call'd the Cen- Þ 1c. 3. f. 
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* Def. 4. 
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CoRoLLARY: I 


Ence A APxPA == (MA Ee) zar EN, or AP Pa = 
EA. a νE,,¶ +) Taa uu. Therefore ſubſtituting the a- 


a valuesintothe proportion. APa: * P PM: Aa: 2p; we ſhall 
have 24x x: yy: : 24. 2p, or 79 = =24x x in the firſt caſe; 


and Taa gu. yy: 24: 27 or - 29 Taa uu or HN a u⁰ | 


in the ſecond, vis. Jy =2ax— —XX, ad- un, in the * 


 Ellipfs ; D: +XxX, Jy uu 44 in the * Hyperbola 


MAm, . =vu+aga in the Conjugate Hyperbola's LBS; and 
2 = =yy in the * * Parabola. 


Goa IB. 


. Hen C PSU o, PM wil become Ces. 
\ in the Ellipſis, and PLAY CB in the Hyper- 


bola: therefore the Equation BIT, =a0FU, becomes bb =ap: 


that is, the parameter 2 þ of the N Axis Aa ts a third proportio- 
nal to the firſt and VU Axis in the Elli Hes and H yperbola. 


Co ROLLAR „* 1) 


35 Bree ap bb, or p -- 1 ſubſtituting 45 þ its nike | 


into the Equations - 70 Feen en yy e un, we 


ſhall have y a and =;=yy d= Au. 


COROLLARY IV. 


Pic. 3. 5,6. 4. W. HE Ny =); the Abſciſs CP = 1, will become equal to 


* ys 10. 


the e CF = d of the * Focus F or 'F, from the 
Center 


Of Contc-SrneTtioNs. 5 


Center c in the Elbpf and Hyperbola ; therefore, = 1 


will become a p= =0a—ddordd=aa=bb, becauſe ap Ib. A 
And the Abſciſs AP will become equal to the diſtance of the fo- 
cus F from the vertex A, in the Parabola ; which therefore is equal 
to the fourth part of the parameter 2, fince 2 P = _ o becomes 
* p in this Caſe. 

Hence it follows, 1. That if the two Axes of an Ellipfis 
or 'Hyperbola are given, the foci may be found, by making 
bF b A in the Ellipfis, and CF = =Cf=AB in the Hy- 


perbola ; finoe the e right angled triangle bC F or ACB, gives (bF') 


AC = be Cram =CF (aa—bb= dd) in the Ellipſis, and (A B) 


F A +CB (dd=ag + bb) in the Hyperbola. 
20. That if the firſt axis Aa, and the diſtance FF between the 
foci are given, the vertex's of the ſecond or conjugate axis Bb 


b may be found, by making FB=Fb=AC in the E llipfis, and 


AB = Ab = CF in the Hyperbola. 


r the Ellipſis, the ſecond axis is always leſs than the firſt ; 
fince the Hypothenuſe bF (AC) of the right angled triangle 


b CF, is always greater than any one of its ſides: And when 
bC=AC, the Ellipſis will become a Circle. 


45. In the Hypeibola, the ſecond axis Bb may be either leſs, 


equal to, or greater than tae firſt ; Yew bon fe are equal, the Hy. 
perbola will be equilateral. 


Corollary V. 


N the Ellipſis and Hyperbola, if the line MQ be . 
1 perpendicular to the ſecond axis Bb, then will QM = 


CP=u, CQ= PIES neee DEST Er» 4s, 


PE Sap EI, we ſhall have Hu, Pa, that i is.BC' = 
C COM: #1 AC, becauſe ap bb. 


* 4}, 2 
C DL -a VI. 


6.3 x F from any point as N of the Curve, ws ** Np, Na, 
I are drawn perpendicular to the axes; we ſhall have A Pa: 


C PM 
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oe i rs 
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7. F Tam the point bs the line LR 15 n 


Tbe F1 R87T. Boo. 


Pl: Apa: N. : AC: p. and B 8 cd, G8 68 N 


der. And in the Parabola 2 NAP: 2 A or AP; 


: PM: pm, that i is, the Squares A the Ordinates are os their 


cnn Abjeiſſes. | | 


ConoLtany vi. 


: * 2 0 = o 
1 n 


e 
to the axis B b; then will PL =CR=y, CP =RL=z: 


and becauſe * Jy =uu + aa, or yy—ap pA we ſhall have 


CR—CB: RL::p:a, becauſe 25 = bb. Which ſhews that the 


Hyperbolas LBS, lbs, are the ſame as their Conjugates M Am, 


Nan, except Bb is their firſt axis, and Aa their ares 


Co IAR VIII. 


ple. 9, 10. 8, ] 'T is evident, that in the Ellipfis and oppoſite. Hyperbola's 8, 


the Ordinates to either of the axes, e diſtant from 
the Center C, are equal. 


For if CP =Cp=u; PM or PN= = will be en 
pn. fince & = Jene. 


CoRoLllany IX. 


1 Ecauſe < "Jy = =aa—tUuu in the Ellipfs; i it is evident, that 


when CP (% increaſes, PM (y) decreaſes, till CP becomes 
CA or Ca, where PM =o. Which fhews, that the Ellipti- 


cal-Curve recedes more and more from the vertex A of the: Belt 
axis, thro which it paſſes, till it meets the ſecond axis Bb, after- 


wards it approaches — till it meets _ firſt axis again 


in the vertex a. 
And becauſe — JJ =UU—ag in 5 the Hyperbel, 1 0 P(u} 
increaſes, PM 5 increaſes alſo, and When CP = CA, then 


PM =o: which ſhews, that the Hyperbolical-Curyes pas thro 
the vertex's A, a, and afterwards recede from their firſt. axis 
ad infinitum. 


Becauſe 


+3 


_ 
—_.. 


10. 


d Curve: in that point. For PM being always 
PN, it is plain, that when, MN falls in A, both — 
dates PA, * eee to nothing. 2. NAS 
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Mpeg he ee when AP Ep 
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Conorttany 3 


Line ef, drawn thro the vertex A of any diameter "i Fro, 9, 10. 
of a Conic-SeQtion, parallel to its ordinates MN, touches 


equal to 


THEOREM EA 


H E Sum in the Elli pls, or the di ference i in the Hyperbola, Fo. 3, 5- 
of the lines FM, f M, drawn from the foct to any point of 


the Curve, 15 "_— Ne fo the 8 2 axis, ous is, ME * F as = 


| p 
A a. 
"i | 
OE. N 


s % HS  &E. & 4 


2 ec a 720, and u 4. 4. 


424. , And the tight aged triangle FPM gives, FM 4d 
2 du, OD us or FM a- adu un, 
and FM = N, Therefore / MFM = 24. W. W. D- 

In the Parabola, FM = =AP+APF. For FP A Pre. 6. 


. AF) Tx, and FM = xx —pax +; 1% Oe or · 4. 5 
FM = 7 + x I n. Therefore FM = x+þ. 


Conorrtany If 


Ecauſe N + FM add aan ed = 2 QF + Fi. 3. 5+ 


2CM M, the Sum of the ſquares of the two ſides M, F M, 
of any - triangle FM F, is always 288 to double the Sum of the 


Squares 
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Ente the 3 of the Shwares. of tuo lines Soto" from an 
1 Point, to the extremities of a diameter of a Circle or Sphere, 
or. to two oppoſite angles of a Square, Rectangle, Cube. or Parallele- 


bpipedon, will be = equal to the Sum of the Squares of ben ber- 


lines, drawn from that point to the extremities s of any other di ame- 
ter, or to * other two gie angi s.. 


Con AA * II. 


Fic. 11, 12.13, 1 N the Ellipſis or Hyperbola, it 2 point B bs taken in 


the firſt axis a A, fo that - CF: CA: CB, and _ uy 
point of the Curve ag M and the point B, he drawn MP, B 
pendicular, and ML. parallel to r - then will, M F. 1 a 


* rn. CP: CA. For MF = car and-ML PBI Ss 


by Conftr. ; ; therefore =; a E 1 a E Nad: . Since the 


product of the means, and that of the extreams gives, & 4 4 45 = du 


= KEaa=xdu. 


When the point M' coincide with the vertex A, then will 


AF: AB::CF:CA: 


reis. In the Parabola, if AB = -AF; then will ML = -MF, ſinee 
3 11. ML = PB=x* +14. Fr lol 8 13 Hl 


N * 
- F $ * ; 2 ; a 1 
9 i * *. 4855 hogs * o : | E..* wt — 


D E Fl N 1 1. I 0 * 13. . 


. 12,13. 8 * HE Line F, Bi is call d the Direftrix of . Curves. : 


Co A* III. 


| 14. Ence if the line Ae, be pelpendieulür to the axis A'a 
and equal to AF, and the Semi- ordinate P M be pro- 

lace £ as to meet in G, the line drawn'thro' the points B, 
then 
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_ Of Contc-SECTIONS. 2 9 
then will FM be always = PG. For hecauſe of the Similar tri- 
angles B Ae, BPG, we ſhall have, AB: Ae or AF:: PB or ML 
3 :PG, But AB: AF:: x ML: MF. Therefore PG SMF. „A1. 13. 


R e EEE 
—— 


r 


15. Rom whence may be reduced a very eaſy Method for de- 
F ſcribing a Conic- Section, when the firſt axis and the 
foci are given. 3 ” 
For if you draw a great number of lines, interſecting the axis 
at right angles, and you make Ac = AF; then if the line Be be 
drawn, and F M be made always equal to its correſpondent P G; 
the Curve-line, paſſing thro? all the points M, will determine the 
Section required. 3553 . 
VM. B. If AB be > AF, the Section will be an Ellipſis; if 
AB AF, an Hyperbola; and if AB = AF, a Parabola. 


16. TF the focus F, the ratio — of the firſt axis Aa to the 
A diſtance between the foci F, /, and two points M, N, of 
the Curve are given, the axis and the other focus f may be found 
in the following manner. 5 5 
Draw F M, FN, take ML to MF and NE to NF, in the 
iven ratio of to mn, and from the Centers M, N, with the ra- 
dii ML, NE, deſcribe two circular arches ur, us: then if thro 
the focus F, you draw aB at right angles to LE (a tangent to 
thoſe arches), and make AF: AB::MF: ML; the point A will 
be“ the vertex. If therefore CF =v, AF =c, and Ac 
1 then will (CF AF =AC) vEc=-v, or C . v. 
VN. B. When n>m, the Section will be an Ellipſis; when 
num, an Hyperbola; and when 7 = m, a Parabola. ER 
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Several Conſtructions of the Conc=SeFions, when the 


firlt Axis and the Foci are given. 


For the Ellipfs. 


I * Aving faften'd the ends of a thread F MF equal to the firſt 


axis, in the foci 7, F; the Style or Pin M, which ſerves. 


to keep the thread always tight, will deſcribe * in its motion 


about the foci, the Curve of the Ellipſis required. 
Otherwiſe. 


Let two Rulers A F, Bf, each of them equal in length to the 
firſt axis, have one of their ends faſten'd in the foci F, f, and the 


others A, B, to a third Ruler AB = to F/, fo that they may free- 


ly turn about the four points A, B, F, /; then the interſection M 
will be always in the Curve, | 2 * 


For becauſe AB = Ff, AF=Bf, the triangles AF F, FAB 
will be ſimilar and cqual, alſo the angles AFB, FA Fare equal; 


therefore fM = MA, and FM +/M will always be = FA. 


For the Hyperbola. 


Let one of the ends of a Ruler D V and of a thread FMD, 


(whoſe difference in length is equal to the firſt axis Aa) be 
faſten'd in the foci f, F, and the other end of the thread to that 


of the Ruler D: the Style or Pin M, which keeps the thread al- 
ways tight, and its part DM always cloſe to the edge of the Ru- 


ler, will deſcribe by its motion “ the Curve MAm of the Hy- 


perbola required. 


In the fame manner, if the end of the Ruler be faſten'd in the 
focus F, and the end of the thread in the focus y, (retaining the 
| fame length) you may deſcribe, the Curve Nan of the oppoſite. 


Hyperbola to the firſt. LES 3 
N. B. When the length of the Ruler is equal to the length of 
the thread, the Style or Pin M, will deſcribe a right line CM. 


I 
5 
3 
= 
= 
1 
i 
=. 
WO 
WL 
1 
"1 oY 4 
Fa 
wo 
1 
"= 
1 
2 ** 
=> 
9 
_ 
& 
8 
% 
1 
8 
1 
, 
3 82 
1 
1 
. 9 
1 
* 3 1 
£1" 
= . 
* 
= o 
-. 
I 40 
"I 
- 
-, 
_ - 
bs, 
wo 80 
EW 
. "= 
W 
+3 
n 
1 
1 
3 
bes”, 
1 
=- 13 
=» 
"= 1 — 
e 
bees 5 
- £8 
WL 4 
3 
.. = 
-- ad 
= 
'H 
+ 
2 
— 
30 
* 
a 4 
oy 
4 <8 
8 
I 
8 
2 
ns 
= 
© AY 
7 
p 1 
8 
be 
AF g 


r * 8 % 3 
* e n 


For 


230 


as a Center with the radii FN, FN, deſcribe a great number of 


thro' the point of contact M parallel to the axis. 


Of ContC-SECTIONS. rr 


For the Parabola. 


Faſten one end of a thread FMF in the focus F, and the other FC. 6. 
to the end f of a Square 7 D E, whoſe fide D/ is parallel to the 


axis, and equal in length to the thread: The Style or Pin M, 
which keeps the thread always tight, and its part FM cloſe to 
the edge of the Square, will deſcribe (by ſliding the Square along 


a Ruler EE) the Portion M AM of the Parabolical Curve requi- | 
red. For MF will be always =<MD =PB=*®AP+AF. 4 11. 


Otherwiſe. 


Draw a great number of lines MM, mm, interſecting the axis 
AP at right angles in P, p, take AB= AF, and make always 
MF equal to its correſpondent PB; then the Curve-line drawn 


thro' all the points M, m, will be a“ Portion of the Curve of the * A. 13. 


Parabola required. 


Otherwiſe for the Ellipfis or Hyperbola. 


Take the line FD equal to the firſt axis, and from the focus F Fc. 7, 8. 


circular arches MN M interſecting the line / D in N, N,: then if 


the lines FM, FM are made always equal to their correſpondent 


DN's; the Curve-line, paſſing thro' all the points M, M, will de- 
termine the Section required. For MD DN, or (FM= 
DN) fM =FM D = to the firſt axis. 9 8 


enn 
17. A O draw a Line, which ſhall touch a Conic- Section in 4 


given point Mx. 1 FE 
From the foci F, F draw the lines FM, FM, and take ML = F. 14, 15,18. 


MF ; then the line MD perpendicular to the line FL joining the 
points F, L, will be the Tangent required. For if lines are drawn, 


from the foci and from the point L to any other point m of the 


1 


＋ In the Parabola, the point or focus is taken any where in the line LM, which paſſes 
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line MD; then will Fm = Lm, becauſe DL « DF; 3 
Im FM or fm Lm will be always greater than f L =fM 
+FM =*24a; and ſince there is but one point M in the 
line MD, from which two lines may be drawn to the foci, 
ſuch that their Sum in the Ellipſis and Parabola, or their diffe- 
rence in the Hyperbola, be equal to the given line 22 it follows 
that the line MD only touches the Curve in M. W. W. D. 


co A* I. 


18. T is manifeſt, that the angles FMz, F MT, made by any 
| 1 tangent, and by the lines drawn from the foci to the point 
of contact, are equal: Since FM = ML, and FD DL, the 
angle FMD will be equal to the DMI. = =/M * | 


C o K O 1 * ALT. II. 


19. Ecauſe FM = 8 += „in the -Ellipfi and Hyperbola, and 


FL =2a, fF = 2 If from the point of Contact M, 
the line MK. be drawn at right angles to the tangent, interſecting 


the Axes in K, Kk; then * will ALF. IMK = £207 — ddu. 
Therefore K. =KP a EA 94 e h, 


„ 


cauſe To p. 1 


Co ROTLTLAR Y III. 
20. Ence, if the tangent MD be produced ſo as to meet = 
axes in T, f; we ſhall have, 1. KP (22), PM (0: 


* 
(3): OI = == ex 1 2 % P 


a P:: AP: PT. (2: bens wu: ele, ; becauſe CP x 


PT=aPxAP. 3. — CP: CA: CT; becauſe PPT = 
CT. 4. CP: CA:: AP: A T; fince ECT = CA= AS. 
. A- 4: e eee 


24 ＋ 1, 


Of ContC-SECTIONS. 


:4+u), becauſe TAX Pa = Tax PA. 6,9 And TFxPCazAPs, 


Gnce P'T = — 


Co A IV. 


F "IM the point of contact M, be Gi the Semi-ordi- 
nate Mp to the ſecond axis; we ſhall have PK: PM:: 


pM: pk =. And pk: pM::pM: pt 2. be- 


cauſe = aa -u. Therefore ptz=Cp = c. M. 
* 
becauſe „ 6 | 
Whence it appears, that the properties of the Tangents are the 
ſame with regard to both the — , 


Con AAN v. 


22. Wy Beau TATSt:PA: Ps; When Pa becomes infuiiee 


| A an d the Ellipſis then becomes a P arabola, 


_ Otherwiſe, 


13 


* 4t. 2. 


and alſo =* Ta, it is evident, that T A becomes PA; "» the Poſe 
FIG, 14, 15. 


Since the angles FT M. FM T (M t)are equal; Mee Art. 11. 


＋ 2 þ will de = FT. But AF 8 therefore FT —AF= 
A FT From whence it follows : * 


3 


23. Becauſe of the right angled ſimilar Triangles K PM, MPT, 
we ſhall have TP: PM:: PM: PK =2Z=p, ſince 25 i. 


| 2.0 


40 "Ihe Tangent AD drawn thro' the vertex A, will meet 
the tangent MT in the fame point, as the line FD drawn from 


the focus perpendicular to MT. For becauſe FM= FT; FD 
& biſets 


= Fic. 15. 


Fre, , 18. 26. ] N the Ellipſis and Hyperbola, if the line CN be 8 


„A1. 26. 


28. 


The Fl R 8 7 1 5 * k. 


IT. And fince PM, AD are parallel, and AT=AP, 
AD does likewiſe biſe MT. | 


3. ** 
2 5. The perpendicular FD is a mean oportional between 


FA and FM; fince FA: FD: F D: FT FM. 


COROLLARY VI. 


parallel to the Tangent M T, and from its interſection N 


with the Curve, and from the point of contact M, bee drawn the 
Semi ordinates NQ, MP to the axis Aa; then will CP=AC = * 
C For if CQ=v, QN , the ſimilar triangles TPM, 


— 2 — } 


can will give, (TP: PM: D) Ses 0 x 


Dass: v: (Se) or £0 . 11: : 0 U 


aa ꝙ v; and by compoſition in the Ellipſis, or by diviſion in 


the * aa, ad: aa jvc. Therefore vu = aa vv. 


ConroLlLany VII. 


27. 3 = (aa —us) vv, 0 05 % vv, and 
Fee . And denne 
bb a 


p=tb,0 yy = = vv will become © 5 uur, or zu, and 2 =. 


Likewiſe e Sange uy =: and 29 N , 


vv, or 22 KY bb. 


o AR VIIL 


IF the lines 7d, FD, are drawn from the foci perpendicular 
to the Tangent M T the Rectangle /d x FD will be equal 


40 the Square BC of the Semi-ſecond axis. For let the line DC 


meet d f, produced if i inE; then 3 c; op 


will 


S * , 
2 bY . 
2 U Des - * . a PET . 
1 (7,8 « " . 2 * > 1 . we Es 8 =” * 4 8 3 L 4 N * K3 dg IS TD - W of He SEG a 0 1 
N WM. : L 1 : OE & es 12 . ae . ; SENS r r _ 
e 1 7 _ = 2 e 8 Dee dd y d ß .f on a ut es 70 
8 23999 r 33 . ⁵ͤ— ᷣͤ . IIS * A OS 2 r e . 


3 ID 


Dd I en er a os MEAD FEE 


ö 07 c. 7 * fo 0 1 * E C T IONS. 

Vin be CE, and FEa2FD = = *DL: alſo DE will be nel 4. 17. 
and equal to fL = — *A a. Therefore the circular ci n 
deſcribed from the center C with the radius CA, will — thro ; 
the points E, a, d, D, A; conſequently Efxfd, or becauſe Ef = 


rb. ADR 8 


CoROLLARY IX. 


=_ F the lines IM. FM, are drawn from the ſock to any point Fre. 19, 20, 
- s 29 1* of the Curve, and the lines C N, FL, parallel to the Ter 
e at M, interſecting / M in E, L; then will EM = AC. For FC be- 
ing = CF; FE will be =EL=/MML. But becauſe the 


angles made by the lines FM, FM and the tangent, are * equal; * 4-. 18. 
the triangle MLF will be iſoſceles: allo M L =M F. Therefore e 
* f F | ELEML= = *AC = EM. ? * Art. It, 


F C o R O * L A R v * 


in "4 30. r F Cr be 8 perpendicular to the tangent T M; then will Fro. 1 7s 18. 
> ApcxaCc=CNxCr.For NC:NQ (2): r- C): :Cr, * 4r. 20. 
or CNxCr="a0 4b, becauſe 2 = b. GS * oi ak 
Conoitika * 

Is hen a wil * 243 and fd = * Ai. ir. 
FD =, cr. Forf Mey d:: FM: D- 

18 s > Vre .. rs * 
E Si” and BC=#*fdxFD; therefore FD=BOAPM = 205 * dn a8. 


bbs ”S xFD= 3, and fd=—- FRM. hc, But becauſe Cr, 


1 Ea are pou and D ek = +DE; Cr will be =FEd = —=#*s ar 28. 
ar f LA FED Alo CN =f/MxF 

* — DS en = Vr. or N = M, 
al x . | Vr, vrs bs 
C uſe CNxCr = 4b. It follows likewiſe, that FMxBC = * 4. 56. 
D *# FDXxCN, and fMxBC =fdxCN, a 


* 
1 bags a ene f. 
4 * EY * 1 % N Py A, N 
FVV 
4 FS bo OE 22 28 5 8 n 0 
OE Og ads IE Ca ts: n SG 
4 8 LE Ca ES K 


Co R= 


16 


32] F thro' the point of Contact M (the reſt as before) the 
Fi. 21, 22. 


a art. 19. 


The FIRST Book. 
COROLLARY XII. 


| line MK be drawn at right angles to the tangent Ms 
and meeting the axes in K, k; then will F K = = and fR =— 


For L: F. OI) MF: PRE. 7M. M ade, And 4 


Mk a „E=, becauſe ,. LF (=2FD):ifM: | 


MK = rs, and K. G 2).PC(u)::MK: Mk = = VT. 


But if from the points K, k, the lines k g, Ka, are drawn at 
right angles to either of the lines FM, or FM; we ſhall 


have Ma = p, in the three Conic-Sections, and Mg a, in the 1 


Ellipfis and Hyperbola. For JM d:: M K: Mart Mk: Mg. 


Corollary XIII. 


Fro. 23, 24; 33. 21 F 8 tangents (the reſt as before) drawn thro' the ver- 


Ari. 20. 


„Art. 1. 


* Art. 4. | 
* 4rt, 28. 
» 4, 20. 


tex's A, a, "of the firſt axis, meet the tangent T M, in 
Es, e, then will AExac = =BC. For T P: PM:: *): £2 : Ta 


(29: 74 2 :ae 2 2 b.: Tale Ker). AE eggs, 


J 


Therefore A E xae =ppx Serre, No 22 28 becauſe r. 


and © 722 aA uU. 
> Conxort AA MV. 


34. N Ecauſe AE X&E mn BC a nd a 450 AFxFa 


PAP, Likewiſe TExMe=TexME, fince TA: Ta:: 
A: Pa. 


THEOREM 


"IT | 


RE *FDxfd ; it follows that AExaemAFa= | 


F 8 


r 2 


Of Contc-SECTIONS. 9 


THEOREM I.. 


19% \ NY line as Mn paſſing thro the center of an Ellipſis or Pio. 9, 16. 


T, Hyperbola and terminated by the Curve, is biſefted by the 
7 ſaid Center. 5 : 3 
E” For if CP = Cp, the ſemi-ordinates PM, pn, to the axis Aa, 
nd and alſo the ſimilar triangles CPM, Cpn, will be equal. There- 
ws. fore CM = Cn: and becauſe CP, Cp, are in a right line; CM, 
J: Cn, will be alſo in a right line. V. W. D. 1 
Don OA v . | 
at 36. LI Ence, any line as Mm terminated by the Curve of an Fs. 25, 26. 
N Ly Ellipfis or Hyperbola, and parallel to the line A a paſ- 
he 


ſing thro' the center, is biſected by the line Bb paſling likewiſe 

thro' the center, parallel to the tangent fe in A. For if the line 

m N drawa thro' the center meets the Curve in N; the line join- 
ing the points M, N, will be biſected by the line Aa, and allo 
parallel to the * tangent /, or parallel to the line Bb by Hyp. * 4-. 10. 
2 Therefore, becauſe mC = CN; mQ will be always = QM. ; 
When the center C of the Ellipſis removes at an infinite diſ- F 6c. 26. 
tance, it is evident that its diameters become then parallel be- 
| tween themſelves ; but the Section will then be a Parabola, and 

the diameters will ſtill biſect their Ordinates, as it eaſily may be 
prov'd from the 3d Prop. From whence it follows:  _ 

hat all the Diameters of an Ellipſis or Hyperbola, paſs thre and 

are biſefted by the Center; and that in the Parabola, they are all 
Parallel to the axis. Eg 


Cotoltany It 


37. Ecauſe each diameter biſects its ordinates; it follows, 
—— 2. that a line biſecting two parallel lines terminating in a 
= XX Corfic-Section, will be a diameter. 


COD Lanny. 


38. Ence, in a given Conic-Section, may be drawn a Dia- | 
þ meter, which ſhall make a given angle with its ordi- Fic. 27, 28. 
F nates, 


18 The FIRST Book. 
' nates. For if in the Ellipſis or Hyperbola, you deſcribe upon a a 
given diameter m M as a chord, a circular arch M Lm, fo as to 
contain the given angle: the line Aa or Bb biſecting the chord 
ML or Lm, drawn thro' the interſection of that arch and the 
Curve, and paſſing thro' the center C of the Section, will be the 
diameter required : Since ML is an ordinate to the diameter A a, 

and the angle MP C is equal to the given angle M L m. 

FI e. 29. But in the Parabola, draw the line ML fo as to make with 
the given diameter Mm, the given angle; then the line AC * 
rallel to M m, wall be the diameter required. | | 


THEOREM III. 


Pie line PM be a ſemi-ordinate to the diameter Aa conju- 
gate to B b, that i 110 FPM be be parallel to the "I AT: 


ER... 
Fi. 31, 32. 


I ſay, the Proportion PM:APa::BC: AC a:p expreſſes 
likewiſe the properties of any tao conjugate Di 5 with regard 


to their ordinates. I 

From the points A, P, M, B, draw the lines AS, P D, M Q, 7 
B R, perpendicular, and PE parallel to the axis N n, and make 
CD S r, PE=s, CS u, SA =y. Then becauſe of the ſimi- 
lar triangles T 8A. EM, and CDP, CSA, we ſhall have 


4 20. TS: SA: 5: p: PE: EM=p— DP. = QE = LET alſo QM 


=QE+EM=p** +7 . d PE CD . Now 
1 theſe ſe analytical values into the Equation of the Curve 
. 471,  ® +;QM= =CN— —CQ, it will become — IT yy = = 


aa—ss—rr,and ſubſtituting for un in the firſt term, and for yy 


in the ſecond, their values taken in the Equation =: OT yy = aa 
rr 


1 1 


1. after the 1 done. | 


—Ut, we ſhall have = =p 


Art. 27. Therefore PE: * CSN CD:: OR (#9 72 50 C8 :CS; or 3 of 


— 2 — 2 


* 41.2. AG” triangles, PM: Sec or APa: CB: CA:: * 
FAC 


In 


LI 
N 


4 09%. — 


—— — 4d 1 


—— — — nents 


- 


14 0 - 


— = <LI TREES een 


| GJ. tC 2 
[ 2 


Hat. 


Ta 


1 OT ode and 


— i BCAA ! AS AAS Ines wn 
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In the 1 if CQ be made 7 12 inflead of "OR 
=$5—7; the demonſtration will 12 for the caſe, where the 
ſemi-ordinate MR falls between the center C and the line PD. 


When Aabecomes infinite, the proportion will be PM: APx 2AC 
2: p: AC, or a =ÞM, and the Section * MAN will F 1. 30. 
then be a Parabola. — 
| | Otherwiſ 
From the vertex A of the diameter A P, and tel the extremit 
M of the ſemi-ordinate M to that diameter, draw the lines AE, 


MK, perpendicular to the axis BK, and the tangent AT, meet- 
ing the axis in T: then if AE =y, BE =x, BK =v, KM=z; 


we ſhall have 2 p =)), 2 ET. . AT = Aft. az. | 


2px0)) + 4%%, EK=u—x= ==> and becauſe of the 


ſimilar triangles, AE: -ET::ML (KM—AE) : Lr, al- 


N 2A or 2b AP WL. Therefore ZE" 
289 
T::(ML)2 þ AP.: PM =APx2p Tix But 2þ+ 4x ex- 


vreſſes a given 1 conſequently the Squares of the 9 : 


| Nates to any diameter of a Parabola, are as their e 
abſciſſes. 


AT 


co An iſ 


Ecauſe, the 5, 6th, and 8m Articles are e conſequences | 
„B drawn from the properties of the axes expreſſed by the 


Equation 7 9 = S 24 & x, and as that Equation is equally true 


with pad to any two conjugate diameters. ; it follows that thoſe 
conſequences are allo true with regard to any two conju gate dia- 
meters, 

| CoRoLLARY HI. 


41. JD Ecauſe in the Parabola PM=APx 25 + 4x; ; it follows, Fre. 5% 
that the parameter h of W. diameter AP. 18 equal 
to 


r „ „ 


8 5g 15 . . * 
1 2 24 


2 


X Þ +7 I 
* 1 * 5 


Ws Fin * 5 * Book K. 


e m. 


* I * þ 
"OF * 1. do fe 
i 1 1 ; . our tim 
N 3 4 Fo 1 

1 hy % * * 75 
— 4 A meter, 
, ST, 8 * "+ 
6 Fg # « W ? v. 
8 © Ts... Fl , 1 
* * x . Y * 


F yr the extremities m, N, of the ſemi-ordinates r mP, 
18 Q, to the diameter AQ, the lines mH, NF, are drawn 4 
parallel t. to * axis, meeting .the tangent in H, F; then will 


5 AH: AF:: Hm: F N. For AH = m, AF = = QN, and Hm 
Art. 41. AP, FN AQ and becauſe Pm:QN: AP: AQ; it fol- 


F — — 2. 


lows that AH: AF:: Hm: FN. Which ſnews, 
That, the Lines Hm, FN, parallel to the axis terminated by 
any tangent and by the Curve of a Parabola, are as the Squares of 
the Correſpondent farts of that tangent talen * the paint of con- 


tat. 
sen i . 


Pin * line A Q touching the Parabola A M. in A, 1 parts 
Aq, &c. are taken in an arithmetical progreſſion, the lines 
. q m, parallel to the diameter AP, ', terminated by that tangent 


and the Curve, will be as the Squares Aq, q, Aq, q, whoſe Sides are in 
an arithmetical progreſſion ; and as the Space AM Q_ may be con- 
; . Cetved to contain as many of ſuch lines qm with an infinitely ſmall 
breadth,. as there are points in the line A Q it follows that the Space 
1 Am MQ may be found, in the ſame manner as the ſolidity or con- 
EF tent of a 2 is found : that is (drawing MD perpendicular 
—_— to MQ or AP) by — * the 1 12 line QM or the baſe, 
> by the third part of the perpendicular Ml D, which expreſſes 
their number, viz, MQx*MD = AmM | 
= | II. Becauſe the outward Space AmM Qis 7 e third part of the 
= circumſcribing Parallelgram APMQ; it follows, that the inward 
; 5 Space Am MP, will be two third * of the ſame Parallelo- 
gramm. 

III. V the parts Ap, of the diameter are taken in an arithmeti- || 
cal progreſſion, the Squares made, or the Circles deſeribed by the ſemi- 
ordinates pM, pM, will be in the ſame progreſſion. Therefore, the 
Solid generated by the rotation of the Space AMP about the dia- 

meter AP, may be found, in the ſame manner as the Surface of a || 


Triangle is found, that i 15 by multiplying the Surface 0 ; 


Fro. 33. I. 


1 * 
F * * * 
+ — 


0 


* 


— * —:: eo aa i er nn in OC CO OE * — — 
* * * 1 


= 4 = 
a - Cd 
2 
* „ 
> ; 


Le 


e 


— rin <a EE 


"On * 


A. 7 


— 
25 


ee 24 Har "et Tn OY a ; 


* 
” 
+ 
0 
Y 
. 
* 
4 
E 


N 
Io 


C 


* 
8 


- 
— — — 


WY 


TT On INE A ERS 


% 


v NO BL: 8; 


1 
| 
| 
, 


on 


—— —— 


* 


* 


— — . ⁰ . OE Äꝛͥü ⁴dpe au! — ! ˙⅛˙ùmhm I ²˙ü - OS eee 
* q LET * 8 1 — ” . 


* 5 « | 4 a 1 ” 
| * * „ Me 
* : 0 
- 5 * 7 - * 
- 
, ge 8 
a 7 * , if * 4 2 „ * 
* - Lt. * „ » 


D — 5 1 


WM 


8 3 P * 8 : a 7 

c "_ N > F > 

N — 2 —— 
A . o * 


A 


* 


0 1 
oe 


=_ WS — 11 ZI NSA Hi EI ORIDEE Ai Pc E 4 * * l 
| | 7 
zen * 
4 - 
* 
* . 
* * g 
% 
* 
5 7 
. a g 
- * 
: 
1 2 
_ | 
- — 5 
= ; | | 
. | | 
| * 
| * 
« | 
, | | 
* , | 
, : | 
; 1 
; 0 5 * 
4 | , 
o > 
4 : 
4 
, . 
* 5 | 
* 
. 
© ö | 
1 , | 
SO OS ESSE ISS ws «0 . 
— 8 | | | 
4 = 6 * x a a | | 
. * f f 
ou þ | 
: | 
7 2 | 
- ; | | 
6 . 3 N 4 l | ; i | 
. * : | : 
* | f | | 
* 0 : 
= \ : | | | 
& | 2 | | | | 
| ! , 
p | | : | | | 
- r | i 
4 ; : ; 
o * 
| * . : | 
„ : | 
* 
2 . | | | 
* 
: * 
' - 
* * | : | | 
) o | 
8 — 
7 
: 


„«4„„„„ „ „„ 


ane d wa pra MENG IE oe us 


. "164 fie NS. 


ww 


l — 
* 


OL RE Ts . ²˙ mw ˙²— -öA ˙ ar” 


ſo IDO + ua” 


3 AA EIA FD EY 


——— Wola tro WO Ee Ago SAT TS 5 4 


gens 


—— 


” 


— wm — —  — —— 


= 2 — ay, 9 - * b IE 4 7 9 q os Ve. * 4 oy” Fe" 6 4 4 N 
8 A 7 * * 46 ä K R R * F * 5 
0 ** R Fogg * I * 0 A N B+ tk; WP OY 5 * 9 ” 5 7 
* 7 TID * 1 > 4 ** * 8 
- * Y 


Of Contc<StcTIoNs a 
by PM, or the baſe of the Solid, into half the perpendicular 

height Md. RE . 

V Md, PM), andc =to the circumference deſcribed by 

the radius MD; then will © expreſs the Surface deſcribed by the 

line PM, and ©"2 will expreſs the Solid required. 

F the Expreſſion be taken away from the Expreſſion 2 of 

the circumſeribing Cylinder, we ſhall have 2, for the expreſſion 5 


of the Solid generated by the outward Space A QM, revolving about 
the ſame diameter A P. Therefore the two Solids are equal. 


PROBLEM 1. 


| 43: T O deſcribe an Ellipfis, or Hyperbola, when any two con- pio. 3, 35. 
2 jugate Diameters Aa, Bb, are given in pofition and © 

, — a great number of lines MM, mm, &c. parallel to 

either of the Diameters Aa, and from their interſections P, p, Sc. 

with the other, draw the lines PQ pq, parallel to the line join- 

ing two extremities A, B, of thoſe Diameters; then in the El- 

lipfis, if from the center C, with the radius CA or Ca, you de- 

ſcribe the ſemi-circular circumference ADa, and you make 

always PM to the correſpondent ſemi-ordinate Q N of the 

= Circle: The Curvi-linear Figure AMBamb will be the El- 

= | lipſis 7 equir ed. ; | ; 


For the ſimilar triangles CAB, CQP give O. 


— 2 — 2 


and the property of the Circle (QN) PM = AC O, 
1 — 2 — 2 —2 — 2 — ; 
= or PM: BC - CP:: Ac: BC. 


In the Hyperbola, if the line CD be drawn perpendicular 
and equal to AC, and PM, pm, be made always equal to their 
correſpondent Q, qD : the curvilinear Figures MA m, Mam, 
will be the oppoſite Hyperbola's required. For becauſe of the right 

G | angled, 


bu 


. 8 uod (QD D) PI PM = AC (C D) D) + — or 


E 1 0. 36. 
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FIota 


BC 


. Ned 


FN. BC+CP:: AC. BC 


In the Parabola, if the Parameter AB of the diameter AP, 


and the angle APM contained by that diameter and its ordi- 
nates MM, are given. From the centers C, C, taken at plea- 


ſure in the line BP, and with the radi CB, CB, deſcribe a 


interſections P, p, with the diameter, draw the lines M M, mm, 


great number of circular arches BN P, Bnp, and thro' their 


ſo that the angles MPB, mp, be equal to the given angle; 


then if the line An perpendicular to Ab, interſects the circular 
arch in N, n, and you make always P N equal to its correſpon- 


dent AN, the curvilinear Fi igure MMA Mm, will be the Para- 


bola required. For by the property of the circle, BAXAP = 


(NL . u. 5. „ Th 


Fic. 37, 38. 


THEOREM Iv. 


44 T H E Paralleligram H G, whoſe ſides touch an Elli 905 


or the conjugate H Typerbola gin ſuch a manner, that the 


points of contact may be joined by any two conjugate diameters M m, 


® $7. 30. 


46; 6 H E Sum in the Ellipfis, or the Difrexce in the the 3 


ſides, as H M; then becauſe” the diameter N n is parallel to the 


tangent HM, we ſhall have CNx Cr = = = *CAxCB. 'T herefore 


(O'S MN mn = AaxBb: 
THEOREM V. 


perbola, of the Squares of any two Semi-conſugate dia- 


meters ex. CN, is always equal to the Sum or Derne of the 


fHArt. 26. 
C Art. 27, 


Squares of the Semi-axes, CA, CB. 


From the vertex's M, N, of thoſe diameters, draw the 


ſemi-ordinates MP, N 'Q to the firſt axis Aa; then will 


CM =yy+uu, and CN 2+ (vo=)*I aa αανuu. Therefore 
CN N Abb aa, becauſe z2-yy b. _THE- 


Nn, will be always equal to the Reclangle made of the two Axes w 
From the center C let fall a perpendicular Cr upon one of the 3 
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THEOREM VI. nn 0. 


46. IN the Ellipfic or Hyperbola, if any right line MN inter- Fic. 30, 40. 
Fi es a diameter Dd within or he the Curve: the 


nar of its parts ML, LN, terminated by the Curve, and that 
interſettion L, will be to the Redtangle of the parts D L, Ed, of 
the diameter, terminated likewiſe by the Curve, and the interſetion 


L, in a given ratio, that is (drawing th the ſemi-arameter B 8 Oy 
to the line MN) MLN: DLd: : BC: DC. 


Through the middle P of M N, draw the diameter Aa, and 
from the vertex D of the diameter D d, the ſem Lordinate Dp 
to Aa. Then if Cp , pD , we ſhall have * y Kap » At. 39. 


2 22=thapel®. And becauſe of the fimilar triangles 


42 

CpD, CPL; PL will be = = Allo Y) — — 4 % ML N, 

when the point L falls within the Curve; or v ſübſlituting the* At. 2. 
bbuu 


values of yy, we; *. SA =MLN, becauſe * op=bb. 


Therefore MLN:BC:: + Of=EF: Cp: =CD=xCL= =DLd: 
DC, or MEN:DLd: BC: PC. M. M. D. 


By changing all the Signs, the Proportion will forve for the 
caſe, when the point L falls without the curve. 


If Ld becomes infinite, and alſo = — * Dd, the Proportion will + By the Po- 


become M LN: DLx2DC::BC:DC, or MLN: 2DI ::BC: DC; Ow. 
and the Section will then be a Parabola, 


Otherwiſe. 


Recanks * „ APPRI. and nd 2 pxAp =PD= 3 we ſhall * 4. 39. 


have (EAPEApx2p=PM=PL) or 2þxDL=MLN. Pic. 41. 
Therefore MLN: DL: 1 


— 


Cor. 


24 


Pio. 39, 40. 47 He if the line mu peralle 


 *F16.4t. 


F. 39, 40, 41. 


* Art. 47. 


Fre. 42. 


Art. 48. 


then will MLN:mLn 2 MEN: HEK. For, becauſe MLN 
ꝛ: mLn ::* BC: RC, or: p: 9; when the line mn falls upon 


The FIRST Boo x. 


CO ROLL ART I 


to the ſemi-diameter 
RC, interſects the diameter Dd in the ſame point L, 
as the line MN, and is terminated by the curve in m,n; then 


will MLN: BC: mLn: RC:: DLd: DC, in the Ellipfis, 
and Hyperbola. And if * be the parameter of the diameter 
belonging to theordinatemn; — wilMEN:mLn:: pq DLI, 


in the Parabola. 


ConoitLany u. 


48. IN any Conic- Section, if the line H. K, parallel to the line 
5 mn, interſects the curve in H, K, and the line MN in E; 


the line HK, the line Lm will become =EH, Ln =EK, ML 


ME, and LN=EN: Therefore MEN: HEK:: BC: RC, * 


or :: p: 9. Conſequently MLN: mL: : MEN: HEK. 


Corollary III. 


49. IN any conic- Section, if the line DP (che reſt as before) 
parallel to the lines mn, HK, touches the curve in D, 
and meets the lne MN produced i in P; then wil MEN: m Ln 


:: NPM: DP. For if the line HK be conceived to fall upon 
the tangent DP; EH will become EK =DP, EN N. = 
and EM PM. Therefore the proportion * M L N: mL n:: 
MEN: HEK will then become MLN:mLn :: NP M: 8 


DP. 


50. Hence it follows 1. o If the "I BO parallel to the line 


NM, touches the curve in B, and meets the tangent DP in O; 
by conceiving the line NM to fall upon the tangent OB; then 


will MLN: mLn : 


BO: 50. 


Of CoN1C-SECTIONS. 


2.0 If the line AR parallel to the tangent DO, touches the 
Curve in A, and meets the tangent OB in R; by conceiving th the 


hes HK, 1 MN, to fall upon thoſe tangents ; then will BO. :DO 


BR. AR, or BO: DO:: BR: AR. 
3.0 If the lines n m, KH produced, meet et the tangent OR i OR in 


G,F; we ſhall have 1.2 HFK: mGn :: BF : GB. 2.9 OB: 
DO:: NEM: HEK. 3.0 m Gn GB:: 50 OB. 


; THEOREM VII. 


"> 
tt 


51 1 N. any mic- Section, if from a point 'T. taken in a Ma Fre $435 44+ 


Aa, produced if necefſary, you draw a line T m, interſect. 
Ing the Curve in two points H, m, and from thoſe points the ordinates 
HK, mn, fo that diameter : . ſay the line paſſing thro' the other 
extremities n, K, of thoſe ordinates, will meet the diameter in the 
| ſame point T. - 

For let thoſe ordinates meet the diameter in p. Q; then will 
Qm =Qn, pH=pK; 2 —— 1 the parallel lines mn, 
HK, we ſhall have Qm n e p:: pH: pT, and 1 
'M pK: Qp::pK:pT. "The re, fires the three firſt corrgſpon- 
dent terms of the two 5 are <= the fourths will 
= alſo be oa.” K 


COROLLARY 4 


53; Ence, when the line Tm becothes hs tangent TM, 
the line Tn will likewiſe become the tangent TM ; 


and the line joining the points of contact M. M. will be pa- 
ralle] t to the lines mn, HK. 


THEOREM VII. 44 1 


53. Sey the parts T H, Tm, of a line drawn _ the point 
| of concourſe T of two tangents to any Conic-Settion, ter- 

clita by the Curve and that point, are always to each other 
as the parts rH, rm, of the ſame line terminated likewiſe by the 
Curve and by the line Joining the points of contact, vis. TH: 
T m:: TH: rm. 
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| The FIRST Book. 
Let the lines n m, KH produced, meet the tangent T M in 
8 F. Then becauſe of the parallel lines Gn, MM, F K, we 


| ſhall have TF: TG: HF: mG:: FK: Gn, or TP: TG :: 


HFK:mGn:: Mp: MG. Therefore TF: TG :: MF: 
MG; or TH: Tm :: Herm. W.W.D. | 


c 6 


T Hen the line Tm falls upon the diameter Ta; then 


$4. 


Ta. Therefore TA: Ta:: PA: Pa. If CT =», the propor- 
tion will give, #—a: n:: a-: a+4, or aa nn, that is, 
CP: CA: CT, in the Ellipfis and Hyperbola, and TA=AP 3 
in the Parabola ; becauſe Ta and Pa ne MR, and alſo BF 
equal! in that caſe. | 7 = 


Hy” Cao at? ; ConoLLany II. 


5 5: Fm whence may be deduced in the fame manner as 
in the Article 20, (retaining the fame noquoetpny the 


aaf, . Fa H], 
1 ee PT= T = CAT mm = i 


2 


TP : PR ee 5558 I = =V, 7 u, 


ConoLLARY III. 


56. Ecauſe TH: Tm: Hp (pK): mQ and Hr: r 
P p: PQ, it follows that pK: mQ :: Pp: PQ 
ſince * TH: Tm:: Hr: rm. Therefore the adjacent ſides of 
the equal angles m QP, Kp being proportional, the triangles *' 
m, KpP will be ſimilar; and as the ſides QP, Pp, are 
in a right line; the ſides m, P K, will be * in a right 
ne. | 4 


will TH become = TA, Tr TP, and Tm = J 
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CoRoLLARYy IV. 


57. F thro the point T, be drawn a line TV parallel to the 
1 ordinates MM of the diameter Aa, and the line mK, 
produced if neceſſary, meets TV in V: it is evident that the 
line mV, is divided in the points V, K, P. m, in the ſame pro- 
portion, as the line T m, is in the points T, H, r, m, vis. VK: 
. e 


COR OL IAR V V. 19 8 
IJ Ence the parts V K, Vm, of any line drawn thro' the 
point P, intercepted between the Curve and the line 
TV, are always to each other, as the parts PK, Pm, intercepted 
between the Curve and the point P. For it is plain, (by ſuppoſing 
the lines mV, mT, to revolve about the points P, T) that whilſt 


- IF 58. 


the interſection m paſtes over the arch Ma M, nam, the inter- 


2 ſection V will paſs over all the points of the line TV. 
7 0 o ROL L ARA V VI. 


1 59. IF from any point D of the line T V, (the reſt as before) 
= there be drawn two tangents Dm, DK, to the Section; Fi. 45- 
the line mK joining their points of contact, will always paſs 

= thro' the given point P. For, conceiving a line drawn thro' the 
points D, P; it is plain that its parts terminated by the point 
PD and the Curve, are to each other, as thoſe terminated by the 
point P, and the Curve. Therefore the line m K will paſs thro' 
| þ pe 7 Ty ©.» #4 $5 
DC oLOL'L 4 R Y VEE. 


60. HE line Hd touching the Section in H, will meet the 
= line PM produced, in the fame point t, as the tangent 
md. For becauſe of the parallel lines t M, HK, TD, the lines 
TD, Td, will be equal, ſince pH=pK; and TH: Hr:: Td 
rt; likewiſe Tm:rm::TD:rt. But* TH: Hr:: Tm: the. on. 
rm; therefore Td:rt:: TD: rt. Conſequently, ſince the 
| antecedents. T d, T D, are equal, the conſequents are alſo equal. 
From whence we deduce the following, THE 
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THEOREM IX: 


61. JF upon a Diameter Aa of any Conic- Section, produced 
1 if neceſſary, there be taken the points P, T, ſuch that :- 


CP:CA: CT, in the Ellipſis or Hyperbola, and AP=AT in 


the Parabola, and the lines Pt, T V, are drawn parallel to the i 
_ ordinates of that Diameter; the line joining the points of con- F 


tact of two tangents, drawn from any point of the line D T to 
the Section, will always paſs thro the given point P; and the 


line joining the points of contact of two tangents, drawn from 
any point « of the line P t, will always paſs thro the given * . 


THEOREM A: 


62. H E 2 angents drawn from the PR F.. kalen in any 


Diameter of an Ellipſis or Hyperbola, equally diſtant 
from the center C, will form a Parallelogram Dtd T. 3 


Through the points of contact draw the ordinates Mm, Nn. 
Then becauſe * 2 CP: CA: CT, and = CQ: Ca: Ct, and 


CT being=Ct, CA Ca; the abſeiſs CP will be equal to the 


abſeiſs CQ. Therefore PM — n, and PT=Qt. But be- 
cauſe the fides TP, PM, and tQ Qn, adjacent to the equal 


angles TPM, tQn, are equal; the triangles TPM, tQn, wall 
be fimilar and equal; and as the ſides TP, tQ, are in a right 2 
line, the fides TM, tn, will be parallel. In the fame manner 


will be proved, that the de Tm 1s Pg to the fide t N. 
W. W. D. 


COROLL ARY 1. 


63. NMH E parts DM, dn, or TM, tn, between the points of 


contact, and the oppoſite angles of a Parallelogram, 
whoſe ſides touch an Ellipſis, or the oppoſite Hyperbola's, are 
equal. For TD=td, and TM tn. Therefore DM =da. 


. II. 


H E Diagonals Tt, D d, of a Parallelogram, whoſe 


ſides touch an Ellipfis, or the oppoſite Hyperbola's, 
will 
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Of Cont1C-SECTIONS. 29 
will be two conjugate Diameters. For becauſe MP=NQ, the 

line NM will be parallel to QP, and the triangles ND M, t DT, 

will be ſimilar ; therefore, ſince DC biſects t T, it will likewiſe 


biſect NM, as well as nm; and * will be the con- 
Je diameter to Aa. 


THEOREM XI. 


= 5. F a line LS interſects two tangents TA;TC. 1 any F. 48,49-50. 
1 Conic- Section; I ſay, the Squares of its parts, terminated N 
by thoſe tangents, and the line AC joining the points of contact ; 
will be as the Rectangles of the parts of the ſame line, terminated by 


| the Curve and the tangents, viz, SN: SL:: RNH : HLR. 
= From the point L draw the line LF parallel to the tangent 
= TC, meeting the Curve in E, F, and the line AC in K; then 


vin ELF: LA: : TC: TA. And becauſe th the lines LK, 1 % 
TC, are parallel, we ſhall have LK: LA: PO: S: TA; alſo 1 


LK ELF. Therefore (CN: LK = ELF:: :)SN: SL: fi. co. 
RNH:HLR. V. V. D. 

N. B. When the line LR becomes a Diameter in the Para- F 1 6. 49. 
bola, it will meet the Curve only in one point H; therefore 

NR, LR, will become infinite and equal in this caſe. Conſe- 


quently the former proportion will become 8N: 8s L: RN 
NH: HLX RN: NH: HL. 


V 1. 


66. F OE line LS, inſtead of interſecting the Cave only 
1 touches it in B, that is, if the line LS becomes the tan- F16. 50. 
gent IS; then will LH become = LR =1B, NR=NH=nB, 


and SH=SR=SB. Therefore Sn: Sl: : Bn: Bl, or Sn: 
'$1:: Bn: Bl. 


CoroLLARY II. 


HE Diagonals MG, LN of a Trapezium MNGL, 
whoſe fides touch any Conic- Section, will interſect each Fs. 51, 52. 
1 -- - other 
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other in the fame point 'S, as the lines AC, BD, joining the op- 
mo points of contact. For let the diagonal LN interſe& 
urve in H, R; then the ſquares of the parts SL, SN, of any 
line as LN, terminated by two tangents LA, NC, and by the 
At. 65. line AC joining their points of contact, will be as the“ rectan- 
gles HLR, RNH, that is RNH: HLR:: SN: SL, or v RNH 
HLR: : SN: SL; and by compoſition Y RN H A 
HLR: HLR:: LN: SL. But the fame proportion will 
hold good with reſpect to the tangents LB, ND, and the line 
BD joining their points of contact: Therefore, ſince the three 
firſt terms are invariable, the fourth muſt neceſſarily remain the 
ſame. The ſame thing will be proved with reſpect to the dia- 

gonal MG. . 


77 WM 
68. I the lines, joining the points of contact B, C and A, D, 
e are produced, they will meet the diagonal LN, likewiſe 
produced if neceſſary, in the ſame point E. For we ſhall have 
* Art. 65. *EN:EL::RNH: HLR, for both the lines BC, and AD. 1 
And becauſe RNH: HIL R.: SN: SL.: : EN: EL; it follows 
that S N: SL:: EN: EL. 3 = 
VN. B. The line KT, joining the two interſections of the four 


| Fic. 32. tangents falling without the Section, will likewiſe interſe& the 


diagonal NL, in the fame point E, as the lines DA, CB pro- 


b duced. For we have proved, * that if four tangents AM, MD, 


BG, GC, interſect two by two each other in a right line M G; 
the lines DA, CB, joining their points of contact, are divided 
by their interſection E, and by the line MG, fuch that EA: 
ED:: An: n, as alfo any line drawn from the point E, that 
is, EH: ER:: SH: SR. But this is likewiſe the property of 
* 4+ 61. the line K T: therefore Sc. 8 A; 


THEOREM XI. 


F two parallel lines NM, LE, are terminated by the curve 
of a Parabola; the Rectangles of their parts, terminated by 
the interſections of any two diameters bD, m, are as the parts of 

| thoſe 


J 
1 
d 
BY 
4, 
4 
1 


(4 


f 
le 


Of ConIC-SECTIONS. 


thoſe Diameters, rntercepted between their vertex's b, m, and thoſe 


lines, vis. m F: bD :: MFN: EDL. 
Let p be the parameter of the diameter A P, belonging to the 


W. M. D. 


CO ROLL AR v I, 


70. 1 F the line AH parallel to the line NM, wicking the 


Parabola in A, meets the diameters bD, mF * 
in R, Q; then by conceiving the line LE to coincide with that 


tangent, we ſhall have mF : bR :: MEN: AR. And conceiv- 
ing t the line NM to fall upon AH; then will bD: a. LDE 


AG 


CoRroLLARY II. 


71. F the diameter bD iert the line NM in K; by 


 conceiying the line LE to fall upon NM, we ſhall have 


NKM:NFM:: bK:mF, and NCM:LDE::bK: bD. 


CoroLLany Hl. 


72. I Ence a Parabola may be deſeribed 3 three ies 


points N, m, M, "ware the poſition of the diameters 
given. 


"For if you draw thro' one of thoſe points as m, „and thro” 


the middle P of the line NM joining the other two, the dia- 


meters AP, mF, and you take MPN: MPN or PM:: mF: Ap; 
the vertex A of the diameter AP will be given, and a third 

proportional to AP and PM will be its parameter. Therefore 
the Parabola may be deſcribed as in the Article 43. 


CO ROTARY Tv. 


73. F two lines DR, MN, niet in a Parabola, in- 


31 


ordinates MN, EL; then will pxmF =* MFN, and pxbD . 46 
=EDL. Therefore pumE + 2xbD::mF:bD :: MFN: EDI. 


terſect each other in L, and are parallel to two lines E B, Fo. 54. 


AB, * the Curve in E, A; then drawing thro the point 


of 
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Art. 72. 


F 16. 55. 
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be FinRBT Book, 5 
of contact A, the Diameter AP meeting BE in T, and from 
the point N, the line Nb parallel to AP, meeting likewiſe RD 

produced in b: we ſhall have EB or TB:AB::*RLD: 


MNL::Lb:LN, or RLD: ML: Lb: LN. And if NQ 
parallel to RM, meets RD in Q, then will ML: RL :: LN: 


LQ, exaequo, LD: 1: : Lb: LQ or LDxLQ = Lb. 


F 


74. r Ence a Parabola may be deſcribed thro four given 


| points, R, M, D, N. For, retaining the foregoing 
conſtruction, if Lb be made a mean proportional between LD 


and LQ: the vertex A of the diameter AP, drawn thro' the 


middle P of the line MN, parallel to Nb, may be found * as 
well as its parameter; and therefore the Parabola may be de- 
ſcribed. ; e 5 1 . 


N. B. When the point b can be taken on boch fides. of the 5 


point L, there may be deſcribed two different Parabola's thro' 


the four given points: And when both the points b fall into the 


points R, D, the conſtruction is impoſſible ; becauſe the diameter 


Nb would then paſs thro two points of the Curve, which is im- 3 


poſſible. 
DEFINITION . 


7 


FAHE Lines TL, RV, drawn thro' the center C of an Hy- 


perbola, parallel to the lines BA, bA, joining the vertex's 
of the axes Aa, Bb, are called A/ymptotes. * 


The Square of the part CD or CH of the Aſymptote, ter- 


perbola. 


minated by the line BA, or b A, is call'd the Power of the Hy- J 


COROLLARY 1 


75. H. the tangent EF drawn thro' any of the vertex's 


of the axes, and terminated by the Aſymptotes, is 
| equal 
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o Contc-SEcTIONS. 
equal to the axis to which it is parallel. For becauſe of the pa- 


rallel lines BA, CH, and ba, CD; CB will be = EA, and 
bC AF. 


0 n 0 LLARY II. 
70, T HE Power CD of the Hyperbola is ; = TL. 


For becauſe of the parallel lines BA, CH, the line CD is AH 
tb A, or 2CD=bA= AB ; 3 an and becauſe of the right an- 


gled triangle A CB, (AB) 4CD = CA + CB, or CD = 


THEOREM XII. 


77. - Þ a lint M T be drawn parallel fo either of the axes ; IT 
ſay the Rectangle of its parts MR, MT, terminated by 
the aſymptotes and by any of the H yperbolical Curves, is equal to 
the Square | of the ſemi-axis CB, fo which it is parallel, vix. 


RMT BC. 
For becauſe of the ſimilar triangles CAE, CPT, we have 


CA (a): AE (8): CPG - PT= . Alſo T N. =TP + 
; PM=Z +, MR = *r = = EF) There- 
fore RMT = = + Shun 


= 1. V. V. D. 


Con OL IL ARA v I. 


78. Ence, if there be drawn two right lines rt, ad, pa- 

| H rallel to each other, the Rectangles rMt, aN d, of 

their parts terminated by the aſymptotes and by any of he Hy- 

perbolical Curves, will be equal. For if the lines drawn thro' 

their interſections M, N with the Curves, parallel to either of 

the axes, meet the aſymptotes in R, T, L, V; then will MR: 
K 


Mr 
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* Art. 39+ 


241. 77. 


F 0. 56, 


2.41.78, 


. . 


orderly, RMT: :rMt::LNV: : aNd. But Ar 


79. F from any two points M, N, taken in the Hyperbolical 


Rectangle aMd of thoſe drawn from one point, will be equal 


the lines drawn thro' the points M, N, parallel to each other, 


RMT: aMd :: LNV: rNt. But RMT =*LNV. 'There- 


80. T F the lines Ma, Nr, are parallel to the alymptote TV, 
Cad M, and Cr t N. Therefore CaM = Cr N. 


aſymptote RL in I, and CI IK Sa, Ca x, 2 M = ; then 
by conceiving the line r N to coincide with the line IK, we ſhall 


to the — 


let the lines ST, VL, parallel to EE, meet the 


The FIA 6 7 Book. 
Mr: NV: Nd, and MT: Mt::NL: Na; and multip N 


=. -.- 
I 
_— 


Therefore rMt =aNd. 


* 


COR AAN II. | 25 


Curves, the lines Ma, Nr and Md, Nt, are drawn pa- 
rallel to each other, meeting the aſymptotes in a, r, d, t; the 


to the Rectangle rN t of thoſe drawn from the other. For let 


meet the aſymptotes in R, T, V, L; then will MR: Ma: 
NL: Nr, and MT: Md: NV. Nt; and multiplying orderly, 


tore aMd=rNt. 


COROLLARY III. 


and Md, Nt, parallel to the aſymptote RL ; then will 


If the line Kg joining the vertex's of the axes, interſects the 
have aa =xy, for the Equation of the Hyperbola with reſpect 


CoRroL L A R Y I. "I 


NY Tan gent EF to the Hyperbola, terminated by 
the e is biſected in its point of contact A, 
ad is equal to the diameter Bb, to which it is parallel, For 


alymptotes in 
R, T, V, L, and the Carves i in 8, X, N, n. Then becauſe RST ® 

=#*TXR=LNV =VnL, whea the line S'T coincides with 
the diameter Bb, and VL with the tangent FE ; the _Equation 
RST = TXR=LNV= VaL, will become 50 =bC= EA 


Ar, or BC = WA = AF. 


"Xu 


C0R- 


Of Contc-Srcftions. - 


92. FH pitts SR, TX or Vn, LN of any tight lines, 
OY terminated by the aſymptotes and the Hyperbolical 
Curve, or by the oppoſite Curves, are equal. For becauſe * 4... 78. 
LNV*=VnL, or LNx Nn+nV =nVxNn+NL; we ſhall 
have LNxNn=nVxNn, or LN=nV, In the ſame manner 
will be proved that SR=TX. Ls os 


COR OIL. IAA VI. 


83. FT\HE lines AB, Ab, joining the vertex's of any two 
Conjugate diameters Aa, Bb, are parallel to, and bi- 

ſected by the aſymptotes. For becauſe BC is parallel and 

=* AE, the line BA will be parallel to the aſymptote CH, * 4-. 8r. 

which therefore biſects the line Ab, ſince BC Cb: and be- 

cauſe the line AF is parallel and equal to bC, the line bA will 

be parallel to the aſymptote CD, which biſects alſo the line 


C o RO 1 „AA r N. 


84. FT\ HE Aſymptotes of an Hyperbola being given, there 

T may be drawn a line EF, ſo as to touch the Hyper- 
bola in a given point A, For if the line AD be drawn parallel 
to the aſymptote CH, and DF be taken DC; the line drawn 
thro' the points A, F, will be the tangent required : Since AE 
being =*AF; CH wm e=Vr i 06 86. 
os % rr An VIE. 


NY two conjugate Diameters Aa, Bb, of an Hyper- 
bola being given, the axes Kk, Gg, may be found. 
For drawing the afymptote CE thro the middle H of the line Ab, 
and g K parallel to bA, fo that CI =I K=Ig= *vCHxHA; * A4. 80, 

the lines drawn thro' the center and the points g, K, will be 
the axes required, e | 


85. 


Co R- 


atone ew. LE erm 
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* 41, $0, 


® 4.12, 


Fic. 57. 


Art. 78. 


r 
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COROLLARY IX. 


86. Ecauſe the pom: ſides CH, HA, and CI, IK ef | 
the equal angles H, I, are reciprocally * proportional, | 


Hyperbola's, and are parallel to any two conjugate diameters, 


=4CEF= cb. CA, Is always given. 2.“ That the difference of 


the Squares CA—C Cb of any two conjugate diameters (propor- 3 
tional to * 4 Hx HA) is always given. This has been proved 


— in the Articles 44, 45. 


SCHoOLIU M, 


N the H "AY if the lines P M, PM, &c. are - ſemi-ordinates 4H 


fo the diameter CA conjugate to BC, the line AE a tangent 


in A, CN an aſymptote, and Bb a line parallel to CA, interſecting 
the ſemi-ordinates i in b. b, &c ; and if the Figure CB MP revolves 1 


about the diameter C A. Den, becauſe (NM M xN P WP+ PM XK AE AE) 
PN FPM = AE = CB, or PM=PN=BC, rhe Surface 


8 
1 5 SE 1 
2 


C oi LEN: $a 
V 


© 5 
a, = 
Fc; 


it follows, 1.9 That the triangles CAI, CKI, are equal; and : 
therefore he Parallelogram, whoſe ſides touch the conjugate 


SL 

. 
8 . 
EN 8 8 BY 


1 


I. 


3 


75 2 9 . 


Series! by PM, will be ala equal to the 1 deſeribed by 


by, the parallelggram AE bP. 


the Sum of the Cone generated by the triangle C P N, and the Cy- 
. generated by the parallelogram C b bP. 


THEOREM XIII. 


5 97.1 N the Hyperbola, if there be drawn 4 line BD — 7 

Fic, 88, 59. 
by the Curve and the interſection P of any other line MN given 
in poſition, will be to the Reflangh: MPN of the parts of that er | E 
is terminated likewiſe by the Curve and the interſection P, in 


one of the Ahmptotes CT ; T ſay its Part BP terminated 


4 given ratio. 


PN, plus or minus, the Surface deſcribed by Pb CB. And be- 
cauſe this happens every where, the Solid generated by the pace 
AMP, will be equal to the Difference of the Fruſtum of a Cone * 
generated by the trapezium AENP, and the Cylinder generated 2 


Aud the Solid generated by the Space CB MP, will be equal to Iz 


| 28 
ne” 
—— 
1 
1 
ar EX 
1 5 
4 1 
1 
1 . 
g 3 
g _; 
X FR 
1 ö 
1 


8 
8 
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Let the line MN, produced if neceſſary, meet the aſymptote 
in Q, and the diameter CA, to which it is ah ordinate, in 
L, and from the point B draw the line BT parallel to the line 
NM, meeting the aſymptote in T, and the diameter in K. 
Then if the tangent AE, drawn thro' the vertex A, meets the 
aſmptote in E, and CE = a, AE =, BD =c, PD=x, 
PM =y, BT or PQ=7; the ſimilar triangles CAE, DLP, 


= DEB, will give FL = =. BR 9 Therefore * QL =7-*Fic.;8. 
Lid ML=yX— TK W But (TK - KBS *QL* 4-58. 
a > * a Pets 5 
VF %%% · Q ³⅛· » 
ML) * = = e or qy — 


= 2 Ker. Conſequently 2 BP PQ( Taz cr zr x) g 


3 
: MPN (yy 3 / 
CE: 2PQxAE.- 5 5 1 
X By changing all the Signs, the Demonſtration will ſerve for 
the Figure 59. TRY 4 5 


:: CE (a): AE (5), or BP: MPN :: 


„% é . I 


1 88. Ence, if a line mn parallel to the line MN, interſects 


:: 4: 6. And when the line mn becomes the tangent AF; 


4 1 the Curve in m, n, the line BP in p, and the afymp- Pia. 58, 59. 
tote in q; we ſhall have 2 BPxPQ: MPN:: 2Bpxpq: mpn 


Fic, 58. 
then will Bp become BF, pm = pn=AF, Therefore 2BP 9 255 


xPQ: MPN :: 2BFxFE:AF, 


THEOREM XIV. 


. 


89. JF a line LL, terminated by the Curve of an Ellipſis or Hy- 
IJ perbola, interſects any two conjugate diameters Mm, Nn, 
without or within the Section; I ſay the Rectangle of its parts, 
terminated by thoſe inter ſections and by the inter ſection of the dia- 
meter Aa, to which it is an ordinate, plus or minus the Square of 


L half 


Fre, 60, 61. 


* —— — A — 


Fic. 62. 


* Art. 89. 


13 
thaw £ rm *9, — - 


The PIA 6 7 B oO k. 
half that line, will be equal to the Square of th the ſemi-diameter BC 
drawn parallel to it, viz. a Rd & RL = BC & 


Thro' the vertex's M, N, draw the emi-rdinate MP, NQ, 
to the diameter Aa, and make C v, MN =; then be- 


cauſe of the ſimilar triangles C . CR, and CPM, CRa, 
44—= | 


we ſhall have R = 4 SN an © CR, and aRd = — CR 


[Fe 5 aa 


When the hs R a Kanne the tangent AE; then will RL YI 


=o, Rd=AF, and Rd RL will become FAE = BC. 


And whin AE = AF in the Ellipſis; ; then will Ra become 3 


Rd, and K K. — 50 FA 


SCHoOLIUM. 


= N Therefore WF CR EE. Rd 3 


FAB C be an Elli ical Ceadrant CA, CB, any two an 7 . 


jugate diameters, A F parallel and equal 2 C B, and if the ſe- 3Z 


mi-ordinate R to AC, meets in Þ the line Joining : the Points“ B, F, 


RL = UC oa, it is evident that the Surface de eſcribed by RL, 


be equal to the Difference of the Surfaces deſcribed by the lines R b, 
Ra. And becauſe this happens every where ; the Solid generated 


by the Elliptical Segment C RLB, ill be equal to the Difference of 
the Cylinder generated by the parallelgram CRbB, and the Cone 
generated by the triangle CR a. 23 


and the Diameter CF in a. Wen becauſe a ;R+RL=#*B . or 


in the revolution of the figure CAFB about the diameter CA, will 


Ang toe Sond. gener ated oy the Elliptical Quadrant ABC, will 3% 


be equal to the Difference of the Cylinder generated by the paralle- 
hogram CAFB, and the Cone generated by the triangle CAF. 
The ſame ting will Lappen, if CAB was a Circular Ryadrant, 


7 + j 
; Ed "= 
: - 


# 
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PROBLEM IL | 1 


90. O deſert be a Circumference of a Circh thro two given x 16, 
points C, G, ſo that the arch cut off by a right line EF 
given in poſition, "ſhall contain a given Angle. 

Let o be the center of the Segment which contains the given 
angle. Draw the ſubtenſe ef, and the radii oe, of; biſect in LF. 65 ö, 65. 
the line joining the given points, by the perpendicular OL which *3*+ 
meets the line EF in H, and join H, G. Then if from the 
interſection L, be drawn the line LB, making with EF the 
angle LBH equal to the angle o/, and the line LB be carried 
from the point L, fo as to meet HG, produced if neceſſary, ſome 
where in D; the line drawn from the point G parallel to DL, 
vill interſect HL in the center of the circle required. 

For ſuppoſe O to be the Center; draw the radii, O G, OE, and 
the line LD parallel to OG. Then the triangles HL B, H OE, 
will be ſimilar, fince both the angles LB H, O EH, are equal to 
he angle oe, therefore HL: HO :: LB: OE :: LD: OG. 
onſequently, ſince OE = OG, LB will be LP. V. ij. D. 
N. B. I. If the line LB can be carried from the point L, to two 
Mifferent points of the line H G, the Problem will have two Solu- 
tions; but when it cannot be carried to any one, the Problem is 
Impoſſible. 
11. If the given angle be a right one, the center 0 will coin- 
ide with the point H. For EF will then be a diameter of 
Ihe circle, as well as the line LH produced ; therefore their inter- 
eaion H will be the center. 


63, 64. 


u. If the line CG interſects the line EF at right angles, the 
), ine LO will be parallel to EF, and LO = BE, LB S OE. 
a herefore the two circular Arches, deſcribed from the centers 
F., with the radius BL, will interſect each other in the cen- 


ter 0. 
IV. If the point L ele with the point A, and alſo the N 
line GH with GA. Then if from any point of the line HO, 
except the point of interſection L, the line LB be drawn as be- 
fore, and carried ſomewhere upon the line CG; the reſt of the 
F onſtruction, as well as the Demonſtration, will be the fame, 


63. 


And 


wn hos WR ART. 
W 
8 


% - The FIAT BOOK. 
„ee if che points“ C, G, coincide, fo that the line CG be- 
e comes a tangent, and L its point of contact; then will H G be- 
„A.. 9o. come HL, OL OG, HD =HL +(LD =#) LB. There- 
ore the proportion HD: HG:: LD: OG, will become HL + 
EB; HL2i+LB:L9, within oa. © : 
V. The angle oe /f is equal to the difference of the quo angle 
ec f to a right one. For half the arch e n f will be the meaſure 
of the angle ec f, and half the arch 5, terminated by eo pro- 
duced, will be the meaſure of the angle oe. Therefore half the 
ſemi-circumference e nr vill be the meaſure of their difference. 


F1 0. 1 


Co ROLLARY I. 


510. 63. 91. F JF Ence, two Poitits E, F may be found in a right line 
given in poſition, from which the lines drawn to any 
two other given points R, C, without that line, ſhall make a right 

angle ERF on one fide, and a given angle ECF on the other, 

For draw the line RA at right angles BY , and take in the line 

paſling thro the points C, A, produced. if neceſſary, the point G, 

lach Gor 2 — CA: AR AG; the EIA ha a JE de- 
ſeribed thro the points G, C, ſuch that the arch ECF may con- 

| tain the given angle, will cut the line EF in the Points requir'd. 
For by the property of the circle, EAF= CAG equal to AR by 
conſtruction. Therefore + EA: AR: AF; conſequently the 
J fot, 


— IPO OLI eZ ou AE nn ran ae 
———U— — — 
8 Y 


Tet  GnkSs2 42 I, 


Fic. 66, 67. 92. J F any two conjugate Diameters Aa, Bb, of an Ellipſs | 

1 I or Hyperbola, are given; there may be found two others,. 
which ſhall contain a given Angle. For if in one of thoſe given 

diameters as Aa, produced in the Ellipſis, you take the part AG 


equal to half its parameter, that is = ==, and thro' the vertex + | 

* Es A, you draw the line EP parallel to bB: then if thro the points 

5 C, G, be deſcribed a circumference of a Circle, ſuch that the arch 

1 ECF may contain the given angle; the lines Nn, Mm, drawn ä 
thro' the center C of the Figure, and thro' the interſeclions E, 1 
| | 25 i EE OW 


Of Conte-SECTIONS. 41 
of the circumference and the line EF will be the Diame i 


quired. For becauſe of the Circle, CAG =E AF equal to BC 
by conſtruction. Therefore the lines Nn, Mm, will be “ two. 
conj Jugate Diameters, and N CM will be equal to the given angle, 

ll the ſemi-ordinate AP be drawn to the diameter Mm, and 
CM, Cm, are made equal to the mean proportional between 
CP, CF; the points M, m, will be * in the Curve. In the . 54. 
fame manner will be found the interſections N, n, "of * Dia- 

meter Nn, and the Curve. 


rt. 89. 


Co A III. 


HE two Axes may alſo be found, in Fl following p, Pic. 68, 69. 
manner. Thro' 3 vertex A of one of the given dia- . 
meters, draw the line Ak at right angles to its conjugate B b, 


93-1 


| } | and — the middle of CG (che — 15 m you * 


: 1 N che ſum i in the Hyperbola of AC and — ere a perpendicu- 


lar, and From its interſection O with hs line Ak as a center, 
deſcribe a cireumference of a Circle thro the center C of the : 
Section; Then the lines Mm, Nn, drawn thro' the center C and 
the eerie K, k, of the circumference with the line k K, 

will be the Axes required. For by the property of the Circle, 
GAC Sk AER; and becauſe of the 1 angled ſimilar triangles 
K AF, KAE, we have AK: AF:: AE: Ak, or kAK = EAF 


| equal to BC ths by: conſtruction. Therefore the lines N n, M m, 


will be two “ conjugate Diameters, and KCk * be a Fun * rt. 15 
angle. n 


CD N. 


N the Parabola, if in the diameter AP, produced towards. n 

its vertex A, be taken the line AO, equal to half its pa- 78. 
rameter, and from the point O as a center, be deſcribed a circu- 
lar arch EF, ſuch that each of the angles O EF, OFE (ſuppoſing 
the line EF. to be parallel to the ordinates of the diameter A P) 
be equal to the given angle, contained by the diameter fought and 
its ordinates. Then the lines drawn thro' the interſection E or F, > 
M of, 


/ > 
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= OE of the arch with the line EF, parallel to the diameter A P, will | b 
x be the Diameter required, q 
For if from the vertex's A, M, be drawn the ſemi-ordinates AQ, | 4 | 4 
* 41.54 MP, to the diameters MQ, AP; then will MQ MFS AP 
.. zo. x, AF=PM=y; and decauſe 2 px =#*y y, we ſhall have FQ | 9 
"I x): AF (y)::AF(y):: AO (p). Therefore ſince the adja- MW 
cent ſides of the equal angles QFA, OA F, are proportional, the i 
triangles QFA, FAO, will be fimilar. Conſequently the angle 4 
_ FQA will be equal to the given angle DFO. YH 
If the circular arch EF only touches the line E F in D, the 2 
diameters EL, F M, will coincide with the line Dp, which will 
be the Axis. For drawing Ap perpendicular to Dp, the triangles 
ADO, ApD, will be ſimilar; therefore * AD:: AD: A0, 
W J 
THEOREM ä ; 


F. 71,72,73- 9 5. * F from a point E, taken in the Curve of any Conic-Seffion, * 
lines are drawn upon the fides of a trapezium ABC D 7 
inſcribed in the Section, parallel to right lines given in poſitiun; the 
Rectangle SET of thoſe f falling on the oppoſite fides, will be to the 
Rectangle QE R of thoſe falling on the other oppoſite fiaes, in a given 
rat 70. 6 
Fre. 71. Caſe 1. Let the ſides AB, DC, and the lines E R. E Q, LI 3 | 
rallel betwixt themſelves, and the 13 ES, ET, parallel to the 
ſide BC. If EQ be produced till it meets the Curve in k! 
then will KQ=ER; becauſe the diameter LV, biſecting the 1 
parallels AB, D C, will likewiſe biſect E K and R Q. There- 
9 fore the Rectangle E QE or REQ will be to the Rectangle CQB 
* 41.50, or T Es, in the given ratio; of the Squares * of the tangents pa- 
5 flł̃allel to thoſe lines. | 3 
Fic. 72. Caſe 2. Suppoſe that the lines AB, ER, EQ, are only parallel, 
and the lines ES, ET, BC. If Ct, Dn, are drawn parallel to 4 
AB, interſecting the Curve in d, n, and the lines ET, CB, in 
t, N : Then if the line joining the points A, d, interſects E Q, i 
l PN, in r, M; the ſimilar triangles C Tt, DCN, will give Ct of Co 
| 
| 


_ 
WJ ZE 


E : Tt:: DN: CN, and Rr: DM:: Ar: AM, as BOC SE 
0 B (becauſe of the parallel lines AB, RQ, DN) or Rr: 8E 
22 . DN! BN, and multiplying orderly EQxRr:TtxSEME 


bit ; . £ = 
1 | oo 0 > 8 
X f 1 


- 4 —_— ” 
* ” 9 * © yy A * r * F 
5 E 0 * * a. WW" 
FEY 5 : A —_ = 4 1 — * # 
1 ES 7 5-1. i 2 s 
r 
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3 :: NDM: CNB, as rEQ to SEt, by the firſt Caſe ; and by di- T 
W vifon EQxrE—Rr:SExEt—Tt, or REQ: SET :: ND M: 
NB. But Nn=DM, and NDM = DNn; therefore REQ_ 
= :SET:: DNn: NX. | 1 
Caſe 3. Suppoſe laſtly, that the four lines ER, E Q, ES, ET, F. 73. 
make given angles with the ſides of the trapezium, or, which 
amounts to the ſame, are parallel to lines given in poſition. If 
Eq be drawn parallel to AB, meeting AD in r. and st parallel 
to BC meeting BA, CD, in s, t: Then the ratio of EQ to Eq, 
of ER to Er, of ES to Es, and of ET to Et, will be given; 
becauſe all the angles of the triangles q EQ, REr,sES, t ET, are 
given ; therefore the compounded ratio's of QER to qEr, and 
SET to sEt, are given. Conſequently the ratio of QE R to 


BEES. > 0 
- if bo 8 
= 73 OY N 
_ f 
1 5 
4 by. 4 > » 
_  _—_— + ; * 
2 * p 6 4 , 


95. Ence may be found ſuch a Point E (the reſt as before) Fic. 74. 
E | that the Rectangles QER, SET, are in a given ratio. 
For drawing a line CH, from any angular point as C, meeting 

the line BA produced in H, and AD in 1: Then becauſe all 

he angles of the figure, are given; the ratio's of EC to EQ and 
EC to ET, and therefore the ratio of EQ to ET, will be like- 

| wiſe given. Allo taking the ratio of EQ to ET, from the given 

ratio of QER to SET; the ratio of ER to ES, will be given; 
and adding the given ratio's of EI to ER and ES to EH; the 

ratio of EI to EH and conſequently the point E will be given. 


Conroy any . 


9. IF a Parallelogram BQES, whoſe oppoſite angular points 
I B., E, touch the Curve of any Conic-Section, be given, 
and from the interſections C, A, of the adjacent ſides of one of 
| X thoſe points, lines are drawn to any point D of the Curve: The 

parts ER, ET, of the other ſides, cut off by thoſe lines CD, AD, 
will be always to each other in a given ratio. For dividing the 
antecedents of the proportion * REQ : SET:: NDM : CNB=® . 95. 
by EQ, and the conſequents by ES; then will ER: ET :: C = 

| |  NDM © 
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F 1 C. 73. 


* Art. 39. 


Fic. 75. 


* Art. 99. 


* #4. 96. 


NDM CNB 


ſection * H with the Curve; then the line BF drawn thro the 
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N DM . But the ratio of NDM to CNB, as well as the | / 


lines EQ, ES are given, Conſequently the ratio of E R to E T, 
is given allo. 0 | 


Co O LI AR v II. 1 1 

98. TT Ence if from the points A, C, Unes are drawn to any 
other point as d of the Curve, meeting the Sides EQ if 
ES of the TD in rand t; then will ER: ET:: Er: Et: 


ikewiſe the ratio of the lines E R, ET, making = . 
"EQ. ES" | 


given angles with the Sides E q, Es, of the parallelogram BsEq 


will be | ak ſince the ratio of Er to ER, of Etto ET, and of 3 
Erto* Et, are ** 


Co OI ARA v IV. 


99. | F the point d coincides with the point C, the line Ad will I 
become the line AC, and the line C d will only touch 


the Curve in C; if therefore AC interſects the line E Qin m, we 
| ſhall have ER: ET:: Em: Et. But if the line DC coin- 


cides with the line A B; the lines AD, BC, will then become A 
two tangents in A and B, and the line E T will become = ES. 8 


Therefore the ratio of Es to RE Q will then be gun: 


CoRoLLARY V. 


IOO, 


Ence (he reſt as before) may be found the Locus of all 
the points E. For drawing a tangent, & thro one of the 

angular points B of the given trapezium ABCD, and from another 
point A, the line AH parallel to that tangent ; and finding i its inter- 


middle G of AH, will be a diameter, which will be determined 3 
by finding its vertex F, Therefore the rectangle BGF will be 


FY 4 r 8 1 _—— 


to GH as BF is to its parameter, Conſequently the Curve may 
be deſcribed. 3 
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Of Contc-SECTIONS. 


THEOREM: XVI. 


101. I N any Conic- Section, the Segments BMEO, DMFO, ter- 
: minated by the Curve, and by two lines joining the extre- Fi0. 76, 77. 
mities of two parallel lines BD, EF, terminated by the Section, 
will be equal. | 3 
For becauſe the diameter HK biſecting the lines EF, BD, will 
likewiſe biſect all the lines MM, MM parallel to them, as well 
as the ſame lines, produced if neceſſary, and terminated by the 
lines FD, EB. Therefore, ſince the correſpondent lines MO are 
always equal to each other; the Segments BMEO, DM FO will 
be equal. . e 


Coins DV LASYT DE. 


102. T IEnce, adding to, or ſubſtracting from, the equal tri- 
angles DEB, BFD, the equal ſegments EMBO, 


X FMDO; the Spaces DBME, BDM, will be equal. 


CoRoOLLARYyY II. 


103. IF the ſegment BAD be added to the equal ſpaces pic. 76. 


| EMBD, FMDB; the Segment EBA will be equal 


Me Segment FDAB. But if the line BD, inſtead of cutting 


only touches the Section, in A; the Segment EBAE will be 
equal to the Segment FDAF. 8 ths 


COROLLARY III. 


104. Ence, in any given Conic-Section, may be found two 


wy Segments EBAE, FDAF, ſuch that each of them 


3 be equal to a given Segment BAD, For drawing BF parallel 
| 1 to AD, and DE parallel to AB; then the ſegments ABA, 


DMF OD, being between the parallels AD, BF, as well as the, 
triangles BAD, ADF, will be * equal. Therefore FDAF = ] n 


XZ BAD. In the fame manner will be proved that EBAE=BAD. 


N THEOREM 
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105. HE Secbor, DCF, BCE of an Eilipſis or Ehe, , 

F. 58, 7d, 80 terminated by lines drawn from the center C, to the in. 3 
— of any two parallel lines B D, EF, with the Curve, are | 
equal. 

| For drawing 0 diameter CA thro the middles H, K, of the 

parallel lines BD, EF; and ſuppoſing that the line BD, produced i 

if neceſſary, meets the lines CE, CF, in n and r. It isevident that 

the ſpaces EBn, FDr, being the differences between the equi 

trapeziums EnHK, FrHK, and the equal ſegments EBHK, 1 

FD H K, are equal. But the triangles C Bn, CDr, having equal 

baſes Bn, Dr, and the ſame altitude CH, are likewiſ equal. Ther 1 

fore the Sector DCF is * to the Sector BC _ S 


Fig 1 e * = 1 


N WO = 

7 -: 3 
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_— 
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106. F the fins BD be {tdi to move * to iel til q 1 
Pic. 78, 799. it touches only the Curve in A; it is evident, that theſ * 
Sector ACF will be equal to the Sector ACE. k 


co AR v II. 


107. 1 Ence if the Diameter CA, be drawn thre the middk 1 
1 K of the line joining the Legs of the ſector 1 4 
the Sectors E CA, FCA will be equal. BY 


Corollary 1H. 


— 


FIC. 81. 108. F from the points F, D, B, E, where: the lines terminat. 
= ; J ing equal Sectors F CD, BCE, meet the Curve of au 
fl = . Hyp erbola, lines are drawn parallel to one of the aſymptotes CT, J 
1 | ar meeting the other in G, H, K, L; then will CG: CH: 


CK : CL. For the lines drawn thro the points D, B, and F, 0 3 
* 4.101. meeting the aſymptotes in Q, M, and P, N, will be parallel, 9 

and drawing DS, F T, parallel to the aſymptote CL, meeting hell 

other CT in 8, 5 the triangles DOS, MBK and FPT, NEIL 1 
* 4-1. 82. will be Gmilar "and equal“, Therefore TF: SD:: TP: 
. 80. Qs. But “ becauſe LE: BK:: CK: CL, and TF=CG, 35% 1 
f C 1 


J ConitC=S8EcCTIONS. 


=CH, TP =LE, OS MK, it follows chat C: CHa: cx 
— COR OLLAAVY IV. 
109. LI Ence, if the arts CG, CH, CK are in a continual 


che points G, H, K, meet the Curve in F, D, B; the Sectors 
FCD, and D CB, will be equal. For if in the preceding Pro- 
portion, CH be ſuppoſed CK, and CL to become CK; then 

vil CG: CH:: CH : CK, and the Sector DCE will become the 
al Sector BCED=DCF. 7 e US 


al s *Cok0ksi4ikysF; 


110. IF in the Aſymptote CN of an Hyperbola, you take as 


2 
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continual geometrical progreſſion, and from the points G, H, K, L, 
Sc. you draw lines parallel to the other aſymptote CT, meeting 
the Curve in F, D, B, E, Sc. the Sectors FCD, DCB, BCE, 


FCD, D CB, will be equal: and ſince : CH: CK: CL, the 
Sectors DCB, BCE, will be equal, and ſo ad infinitum. 9 


* o * ⏑² A r. 
nals between CG and CL; the Sector FCD will be 
units: The Sector FCD will be to the Sector FCE, as 1 to m. 


COR OL IL AR Y VII. 


112. JF CG: CH:: CK: CL the Sector FCD will be to the 


parallel to the aſymptote CT, meeting the Hyperbolical Curve in 


CG 


geometrical Proportion, and the lines drawn thro' 


many parts CG, CH, CK, CL, Sc. as you pleaſe, in a 


Sc. will be equal. For becauſe + CG: CH: CK, the Sectors 


„ 111. r Herefore, if CH be the firſt of two mean proportio- 
to the Sector F CE, as 1 to 3. And in general, if 2 expreſſes 


any whole number, and CH be the firſt of ſo many mean pro- 
portionals between CG and CL, as the number mn — 1 contains 


Sector BCE, as 2 to 1. For if CV be taken ſuch that 
Cv: CK: CL, or CVxCL=CK, and the line VO be drawn 


O; the Sector FCD will be equal to the Sector OCE, * becauſe * 4. 108: 


4 _ The FinsT Book. 

6 CG:CH :: (CK) CVxCL:CL : CV:CL. But the Sector 
* 44.109. BCE is equal to the Sector BCO, ſince CVxCL=CK, 
8 Therefore FCD: BCE :: 2 LE” 


| IfCG: CH:: CK: CL; the Seftor Fc FCD will be to che Sec. | 
tor BCE, as 3 to 1. For if CVxCL=CK, the SeQor OCB will þ 


be to the Sector BCE, as 2 to 1, ſince CV: ck: : CK: CL, or by 
i compoſition O OCB-+BCE, or OCE: : BCE:: 3: 1. But becauſe: 4 
1 | CG: CH:: TK (=CVxCL): CL:: CV: CL; the Sector FCD 

| will be equal to the Sector OCE. Therefore OCE or FCD: 

"BEST ....- I 
In general if m expreſſes any whole number, and C G: C H:: 
K: CL; the Sector F CD will be to the Sector BCE, a 3 

m to 1. | 2A 
co VIII. 


113. 02 J . be taken 0 CK :C .: s r, the | SeQor | of 
* At. 112. CV: CK:: CK: Cc. then will * BCE: OCB:: 1: m, and 
„ 1 . D s: n: m. 


1 VR VEL :: VG: VET; - it may be proved i in the 3 | 
fame manner as before, that BCE:DC F: n. 3 


08 R OL L A R Y IX. 


114. T is evident, that each Hyperbolical Trapezium DHKB 8 
f is equal to its correſpondent Sector DC B. For taking 

the common part AC H from the equal triangles * B CK, DC H, 
and adding to them the curvilinear Space ABD; then will I 
DH KB=D O B. : A 


0. Iv. 86. 


en d n . 


115. LI Ence it is evident, that whatever we have demonſtra- I 

—_ ted of the Sectors of an Hyperbola, ought likewiſe to 
be underſtood of the Hyperbolical „ DH KB, Go. 
' THEOREM 7 


B CE x will be to the Sector DCF, as u is tom. For if 
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THEOREM XVIII 


ET there be two Hyperbolical Curves AM, AN, or BM, Pic. 82, 3 

DN, which have the ſame center C, and the ame Fine A 
AC for . ſemi-conjugate diameter to BC, DC. If the hnes CN, 
CM are drawn from the center to the extremities of any ſemi-ordj- 


nate PN; the Sectors CAM, CAN, or CBM. TDN, will be to 


II 


each other a as BC C to D 4 
For PM: BC:: CP=AC: Ac: PN: DC, or bir: | 1 1 
BC: DC; and becauſe ; this happens every where, and the tri AY 


part CPM, CPN having the fame baſe, are as their altitudes 
PM, PN; it follows that CAM: CAN or CBM: CDN::; BC 
De. W.W. D. 


DEFINITION 16. 


Wo curvilinear Figures are ſaid to be ſimilar, when ſimilar : 
rectilinear "WE can FN be es inſcribed | in each 
them. 


C OR O L AR Y. 


17 7 Ence it follows, that ſimilar Curvilnear Figures are as 
E | the Squares of their homolo N Sides. For there 
y be conceived an infinite number o Poligons inſcribed in 


1 thol Fi igures, o that the laſt coincides with the Fi igure itſelf, 
THE O R E M XIX. 


1 18. F the Semi-diameters C Ba, CD=4, O two Hyperbola' "TTY : 
BL, DN, are proportional to their parameters p, q, that 


75, Fd — = 5 and fm the interſections L, N (of a line drawn from 


| the center with the Curves) the ſemi-ordinates L p, NP are drawn 
to the ſemi-conjugate CA; the Segments CBLp, CDNP will be 


| to each other as CE B fo C CD. 


oy £ Fei 


* At. 39. 


Fs, 84. 


© Art. 114; 
i 


t. 80. 
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The Faber Bo'd 1 1. 
For ſince Fe- ad 1 TP=PN—TD we 


dan ae Ld CP ercp- EP «: pL—CB: PN—CD, as 


pL to PN, becauſe of the fimilar criangles Cpl. CPN: ; and by divi- 


fon, CB: CD::pL:PN:; CL: CN. Therefore the lines BL, 
DN are always parallel Alſo the Sectors CBL, CD N are ſimi- 


har, conſequently they are as the Squares C B, C 'D, as well as the 


fimilar triangles CpL, CPN. 3 wo CBLp: CDNP: cb; 
CD. 1 


. 1 4 


F from hb common center C of the fimilar Hyperbola 8 

51 AL, BN, the line CN be drawn at pleaſure, and from 

the points A, 5. L, N, where the ſemi- diameter CB and the line 

CN meet the Curves, the lines AD, BE, LF, NG, are drawn 
upon the common aſymptote CG, and parallel to the other CS ; 


the Hyperbolical Trapezium s! 8 DALE, EBNG, will be to each 


other * as CA to CB, or as CI CD to CE. 
C 0 ROL 1 A KY. II. 

120. F Ui lice FL produced, meets the Curve BN i in M, * 

=] E B the Curve AL in K; we ſhall have EKLF : EBMF 


—. — bx BR CEx EB 
9832 PA 
: CD: CE. For FL 5 and F M= _ ; there- 


DDA CExEB, 8 : 
fore FL:FM ::- — s CD to CE becauſe 


of the ſimilar bag CDA, CEB; and fince th this happens every 
| where, i it follows that EKL F: EBMF: : CD: CE. 
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 CoroLLAR V III. 


121. IFC D: CE: : : u, there may be found an Hyperbo- 
lical Trapezium Rs VI in the Hyperbola VTL, equal 
to a given Trapezium EB MF in the Hyperbola BN, the point 
R in the aſymptote CS being wen. 
Pan, ans 3 lh 05 n, * be taken ſuch 


that „ck. Wa VER: TS or VEE: VEE: nes; 
the lines RT, SV, drawn parallel to the aſymptote CG, will de- 
termine * the Trapezium required. . 


Fn THEOREM XX. 
ö a] 


P three tangents to any Conic- Section, interſcct each other 
in L, T, H, and from one of thoſe inter ſections as T, be 
drawn a diameter T A, and from the vertex A the tangent EF 
meeting HT, LT, in F. E; then if in the Ellipfis and H OT 
the conjugate diameter to T A, meets hikewiſe thoſe IY * in K, k; 
we ſhall have KH: KF: : kE: kL. 
For if from the points H, L, the lines HB, LD, are drawn 
parallel to EF, and meet the diameter in B,D: then will CB: CA 
::KH: KF, and CA: CD::kE:kL. But CB: CA:: CA: 4. 61, 
CD; therefore KH: KF::kE:kL. 
And in the Parabola, if thro' the points of contact N, M, m, of "Ip 
= zbe tangents NT, ML, HF, be drawn the ſemi-ordinates N Q, y . 4 
} * mp; then will 2BH=QN-+pm, and 2DL=QN— 
Por let PM), AP*=AE=x, QN=2, A r A. 54. 
D L=a; and the parameter of the diameter A P, =T 


W then wil PM:PE:: LD: DE=, or DE+EA=, 


Fi6. 85, 86. 


24 


6 DA= f and QN:QT:: DL: DT , or TA— 


2a * 


| 4 bb „ or r becauſe x=)), 1 22; 22 


2 
ea 24 From whence we get Z- yy 24% +242, 
or by dividing by y +z, z—y=2a=2DL. 


In * manner ny be proved, that 2BH=QN +p m. 6 
o R. 


Fic. 88, 89. 


Fic. 88. 
* 122. 


| * 4 123. 


F IC, 89. 


Art. 122. 


F C. 90. 
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CoroLlLLlLaRy I. 


123. N the Ellipſis and Hyperbola, if thats be drawn Like | 
IJ tangent, meeting the tangents TH, TE, in l, h; we 
2 have KH:Kl::kh:kL. For KF: Kl :: kh: KE, and 
KH: KF: KE: KL; exaquo KH: Kl:: kh: ER 


Colo tt A l * II. 


124. 1 Th the diameter DB biſecting in 2 the diagonal i 


L1 of a trapezium LH Ih, whoſe ſides touch any 


Conic-Section, will likewiſe biſect the other diagonal Hh of that 
trapezium in r. For if in the Ellipſis and Hyperbola the lines 
LD, Id, hb, HB are drawn parallel to the diameter * K k, and 
if CK=Ck=a, DL=dl=b, BH=x, bh=y ; the parallel lines 
KC, HB, 1d, and kC, hb, LD, will give KH:K1:: (CK — BH: | 
C K—d1) a—x: a—b; aud kh: KL ?: (Ck—bh: Ck—D L) a- 
:a—b. But KH: Kli: kh: kL; therefore a—x:d—b:: 42) 
:a—b, or a a-. Hence x=y (BH=bh): Conſequently fl - 
hr=rH. 1 
And in the Parabola, if from the points of contact, the ſemi-ordi 2 
nates NQ, MP, nq, mp, are drawn to the diameter DQ then! 
becauſe 2DL=#*qn—PM, 2dl=QN—pm, 2BH=QN+PM;|3 
2bh=qn+pm; it (DL=dl) qn—- PM SON pm, or qun+pm| 3 


=QN PM; we ſhall have BH=bh: 9 hr=rH. 
T H EOR E M XXL. 


125. LF two given Angles BAK, BD E, revolve about their a- 

1 gular points A, D, fixed upon a Plane : 1 ſay the interſec- | 
tion B 1 the fn AB, DB of thoſe Angles, will deſeribe a Conic- | 
Section, whilſt the interſefion K, of the other legs AK, DK, d.. 
ſcribes a right line KF given in 'bof Hon, and which does not pa. 


thro either of the points A, D. 


Let the legs AK, D K paſs thro' a given point F of the line 
KF, and let C be the interſection of the other legs; draw the 
lines CR, CS, ſo that the angles ACR, D C'S, be equal to the 

angles AFK, DFK. Then becauſe of the equal angles KAB, 
FAC, and KDB, FDC, the * K AF will be equal to 1 A 
| angle 4 


rr —= td >_ Lan SS Q 2 


Of Cont c- SECTIONS.” 


angle CAR, and KDF=CDB, and fo the triangles AF K, ACR, 
and DFK, DCS, will be ſimilar ; wherefore CR:FK:: AC: 
an and FK: CS:: DF: DC; and multiplying orderly, CR : 
:: AC DF: AFxDC. But ſince the lines AC, DF AF, 


i | the angles DCS, ACR, are likewiſe given, the point B will al- 


A, C, D.. £2; 
N. B. When the line FK paſſes thro' one of the fixed 
as D, it will coincide with the leg D K, alſo the other leg DB 


always be in the right line DB. 
lf the legs of one of the moveable angles coincide with each 
other, the Propoſition will remain the ſame. 


Conortany 1. 


1 and if the leg DB coincides with the line DA, the leg AB will 


1 Curve but in one point, and fall intirely without the lame. 


1 8 Corollary i 


| VAL, EDL; the Angle E made by the interſection of the other 
legs, produced at the other ſide of the points A, D, will be the 
„ difference of the moveable Angles to two right c ones. 


CoroLlLLaRyY "FRE: 


, I | 128, IF thro the points A, D, there be deſcribed a Circumte- . 


ER, may contain the difference of the two moveable angles to 
4 Gar right ones ; and if the legs AL, DF of the moveable Angles, 
2X paſs thro' the interſection G of the circumference, and the dia- 
meter HG perpendicular to FK; the other legs A X, DN, will 
be parallel to one of the axes, 5 or becauſe the difference of the 
1 move- 


racy are given, the ratio of CR to CS will be given 415 and as 
ways be in the Curve of a Conic- Section paſſing thro' the pony 


ints 


will be given in poſition, and therefore the interſection B will 


1 126. e af the leg AB coincides 3 the * AD, the 2 
E | leg DB will become a tangent -at D to the Section; 3 


become a tangent at A; ſince in both Caſes, thoſe legs meet the 


127. IF the legs AK, DK, coincide with the line DA ſo that 
the moveable Angles BAK, BDK, become the angles 


* 


Art. 98. 


1 = — . oem ap 
er” Ca G Go —— AE . CO Ae ©. — 


rence of a Circle, ſo that the arch AGD, towards the line © Fre. 91. 


- 


Art. 73. 


BIS $6: 


acres 
moveable angles XAG, GDN, to the angles GAD, GDA, is 
equal to two right ones by Hyp: , the legs AX, DN will be 
parallel. And it the interſections N, L, X, F, of the legs, the 


Curve, and the line F K, as well as the point H. are joined to 
the points A, D, the right angled ſimilar triangles H AG, GTL, 


and DG GTF, will give AGx GL= HGxGT=DGxGF. | 
But becauſe the adjacent ſides of the oppoſite angles at G are g 
proportional, the triangles AGF, DGL will be ſimilar; and fo the 


angles GAF, G DL, or their equals NAX, NDX, as well as their | 1 
alternate ones AND, DXA, will be equal. Therefore the per- 
pendicular QM, which biſects one of the lines D N, will alſo 
biſect the NN A X, and conſequently will be * one of the axes, 


THEOREM XXII. 9 
129. VERY Thing elſe being as Before: 1 ſay that in t& 


Ellipſis or H. n the parts HT, TG of the dia- 
meter HG, produced if neceſſary, terminated by the line F - bes pg YN 


_ the Ratio of the Axis, Penta: to the legs DN, AX, to its Para. 3 
55 ere P's A 


Let the leg A B of the ws angle KAB, be perpendicular | 


to the lines Ax. DN; from the point F draw FV, FS, and thro 


the interſection K the line KR at right angles to KA, AL and ; 
DF produced. Then if TH a, TG p, TP any, TLS 
LF c, GF n, G Ln, FK=v, APA * PB 


the ſimilar triangles GTF, KRF, GDH, wil give — — = FR, 4 


- =KR, and GD = 2222, Alf D6+0r+rR- 
2 Lackes 4 


„ fince an rr +þp and becauſe of the ſimilar tit 3 


angles DRK, DPB, we have (DR:REK::DP: PB)apy—rry+ | 
rv bu, Of v 2 But ſince the angles XAL, BAK 
are equal, and XA B is a right angle by Hyp: :; the an gle KAC 1 
will be a right angle alſo, and ſo the "A KA, AH will coincide. |} 
Therefore the ſimilar triangles HTK, FVKE, GTL, LSF, we | 


1 5 ee 
IN AP: PN=;oxap—rs; wherefore hr FOE or 
4 xDPN=apx—rsx= ach. Conſequently * DPN: APB (69) 4.4: #7: 
. :p. W. M. D. 


| ; { beſides thoſe which are paralle] to the alymptotes ; it follows 


8 caſe. 


| | the firſt ; fince it is always greater than its vammcter in the El- 


* —— — — renn 
, W ee _— : 
15 + <I> 5 3 IS 3 
: n F 2 * 1 £$.- 3 
F "> nnr 8 n {5 5 
f oe 3 8 wo 2 LE Oo 8 8 oe 8 1 * r 
* * £ * 4 * FI 1 a 2 = 


- ; or aþx—rsX=4cy, becauſe .. 


Of ConIC-SECTIONS. 55 


give 1.9 GL:LT:: KF: PV BE, 2.” GL:GT::LF; 


Mm 


f FS=VA= UE a yy 3.9 LT: TG::HT:TK = 2 Aller KT 


AX. , 


X—ry 


"Ad the ſimilar triangles AVF, APN, will give AV: VF: 
pc 


LOLTLOhtMNL ARY 


HEN the line K falls without the Circle AGP, 
the interſection B will deſcribe the Curve of an 
Ellipſis. For the angle AK being always leſs than the com- 
plement of the two moveable Angles to four right ones, the legs 
AB, DB will always interſe& each other whereſoever the inter- 
ſection K falls. Therefore the Curve deſcribed by the interſec- 
tion B, will return into itſelf in this caſe, and W wt. 
be an Ellipfis. 

When the line K T cuts the Circle AG D, the enten B 
will deſcribe the Curve of an Hyperbola; becauſe when the in- 


130. 


terſection K falls in the interſections of the line KT with the 
circumference; the legs AB, DB, will become * parallel between * 4. 128. 
2X themſelves ; therefore each of them will meet the Curve but in 
one point: and fince there can be drawn no other two lines, which 


are not parallel, fo as to meet a Conic-Section but in one point, 


that, Se. 

And when the line KT only touches the Circle AGD, the 
interſection B will deſcribe the Curve of a Parabola, ſince the 
ratio of the parameter P, to the axis a becomes infinite in that 


N. B. The Axis parallel to the lines AX, DN will be ha 
bptis, 
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lipſis, and is always in that angle made by the aſymptotes, in 
which the oppoſite Hy perbola's are. 


COR OTL AA I H. 


131. IF the Ratio of the firſt Axis to its Parameter be given, 
you may deſcribe the Curve of an Ellipſis or Hyper. 

bola, thro' four given points A, B, D, E. For joining three of 
them as A, E, D, by right lines, and if upon A D as a chord, 
you deſeribe a circular arch A H D, at the other fide of AD, 
with reſpect to the point E, which may contain the angle AED: 
then if you make paſs the legs of the angles BAK, BD K (equal 
to the complements VAD, LDE of the angles DAE, ADE to 
two right ones) thro' the fourth point B; the line KT, drawn 
thro? the interſection K of the other legs, and tangent to the Cir: ; 
cle Tt deſcribed with the center C of the former Circle, and! 
whoſe radius CT is to the radius CG, as * 2 is to FP, will! 
ſerve for deſcribing the Curve required. IJ 
NM. B. As there can be drawn two Wann from the point K 

to the Circle Tt, ſo there may be deſcribed the Curves of two 

Conic- Sections of the fame kind thro the four given points. Al 
In the Parabola, the line K T is drawn a tangent to the Circl | 
AGD. 3 


THEOR E M XXIII. 


I Z 2. HE Curves of any two Conic- Sections can cut each other 


in no more than four Points. 3 * 

Let m, H, K, n, be four contiguous interſections of the Curves 
 mHL-n, and m HF Kn, draw the lines mH, n K, meeting each! lu 
other in T, and make TH: TMm:: RH: Rm, and IK: In; | In 
SK: Sn. Then becauſe the parts of any line T E, terminated by the MC 
point T and the Curves, are always as the“ parts terminated by t 
the line RS and the Curves : and as the line T E meets 1 * 

the Curves in two points L, F, on one Side of the line RS by 
Hyp:, it follows that it will likewiſe meet always the Curves in 1 In 
two points on the other. Ib 
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PR o B. E M III. 


points A, B, C, D, E, provided that but two are in 
a rigbt line. 1 | 


57 


135" T O deſeribe the Curve. of a Conic-Seftion thro froe given p b. 90. 
4 


Join any three of thoſe points as A, D, E, by right lines, and 
| thro' the two others let paſs the legs of the angles BAK, CAF, 


LDE of the angle ADE: then the interſection B of the legs 
AB, DB, of the moveable Angles KAB, K DB, revolving about 


EKF drawn thro' the points K, F. V. V. D. 
1 Otherwiſe, 


parallel to the Sides AB, BC, of the trapezium formed by the 
lines joining the four others A, B, C, D, meeting the four Sides 


[ parallel to BA, and from its interſection F with 8 T, the line 


Trallel lines TR, fr, we have ET: ER:: Ef: Er; therefore the 

r point d will be in the Curve * of a Conic- Section, which paſſes 
Wthro' the five given points A, B, C, D, E. 5 

ves BY And if Au be drawn parallel to BC, and thro' its interſection 

u with E Q, the line ug parallel to R T meeting ET in g: then 

che interſection e of the lines Cg and Au, will be alſo in the 

Curve. Therefore the interſection O of the lines drawn thro' 


by the middles of the parallels AB, d C, and BC, Ae, will be the 4 „ ; 
s Center, which being premiſet. 5 


Let the lines CB, CA, produced if neceſſary, meet the dia- 
in meter mM, biſecting AB, d C, in t, P. Then if OMS Om 


Pi 


. 


be taken a mean proportional between OP, and O t; the points 


325 


EM, m will be * in the Curve. 


. In 


equal to the complement VAD of the angle DAE, to two right 
ones, and the angles B DK, CDF, equal to the complement 


the points A, D, will deſcribe the Curve required, whilſt the in- 
terſection K of the other legs AK, DK, deſcribes the * right line 47. 125. 


From any of the given points as E, draw the lines EQ, ET, Pic. 95. 


lein R, Q, 8, T; then if from the point C the line Cy be drawn 


r parallel to TR, meeting E Qin r; the interſection d of the 
lines C/ and Ar will be in the Curve, For becauſe of the pa- 


L 


* Art. 98. 


Art. 54, 56. 


FI. 90. 


nig. 


134 T'; 
rio. 96, 97. | 


Fic, 96. 


The F 1 K 8 70 1B o Kk. | 


In like manner will be found the vertex's N, n, 


ſcribed by Article 4 


%s, 


of the dia: 8 


meter N n conjugate to Mm. Therefore the Curve may be de- 


NB. I. When Mp, ide gestion will be an Ellipſis; 
when Mt< MP, an Hyperbola 3 and. when MtzzM F. it will 


be a Parabola. 


HI. Becauſe che line FK is detertnined by the interlöctions of 


che legs AR, DR, whilſt the others AB, DB, paſs thro the two 


given points B, C, and ſince the moveable angles are formed by 


means of the three others A, D, E; it follows that a Conic-Sec- 


tion can paſs thro no mere than five- given points. 


Curves 6f two Conic-Sections can cut each other but in four * 
points; it follows that there can be deſcribed dus one e Conic-Sec- 


tion thro five given Points. 
| PROBLEM IV. 


85 ven in po ofition. | 


Cafe 1. Fl C be he point of contact, as ; alfo one of the g given 
points. If three of thoſe points as A, B, C, are joined by he 
lines, and from the fourth E you. draw the lines 8 T, EQ p oaraſſe 


And as the 


22 be the Curve of Gonic- Section, thro four given 
oints A, B, C, E, which ſhall couch 4 Py. line b T 


to BC, and AB interſecting in Q, R, 8, the lines BC, Ac AB, 


ah the tangent in T; ben if in the lines ST, EQ, the points 
are taken ſuch that ER:ET:: Er: Et; the interſiQion 
ack the lines drawn thro” the paints A,r, and C „t, will be in 


7 


5 : the Curve. Therefore, five points A, B, ; we d, E, being given, 


» 4, 98. 


FI. 97. 


® 4rt. 48. 
® 4t.50. 


the Curve may be deſcribed as before. 


Caſe 2. Let G be the point of concourſe of the lines drawn thro 
the four given points, and T, b, their interſections with the tangent, 


If the rectangle AbB=aa, BGA= bb, EGC=cc, CT E dd, 


and bD: DT: a: , the point D will be the point of con- 


bD:DT::vAbB (): VRTS 455 iu. i. D. 


bbdd 
cc? and - 


tac. For it the "Ia Ts parallel to AB interſects the Curve i in 
R,S; then will *EGC: BGA:: CTE: RTS= 


N. B. 
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Of Conte-SrcTIONSs. 1 
N. B. As the point D may be taken within or without the 
points T, b, except when the rectangles AbB, RT S are equal, 


ſo there may be deſcribed two Conic-Sections thro four given 


points, and ſo as to touch a right line given in poſition. When 
* then will bD be D T. 


PROBLEM V. 


0 deſcribe the Curve of a Conic- Section, thro three given 


135. 
points B, C, D, which Mall touch two right lines A „ 1 5. 
PT, given in poſition. 


Draw the lines DC, DB, thro the given points, interſeting 
the tangents in I, L, E, H, and make KL: K I:: VCL: / DIC 


and ER: RH:: VPEB: BHP; then the line drawn thro the 
the points R, K, * will give the points of contact A, P. There- . 
| fore the Curve may be deſcribed as before. W. V. D. 


PROBLEM VI. 


fo) deſeribe the Curve of a Conic- Section. thro two given Fc. 99. 
Points D, E, which Shall teuch three right lines A T, 

TN, NC, given in poſition. 7 

Let the line joining the given points, interſect the tangents in 

L, P, F. Then if KL: K F:: VELD: PFE, and Fa: Pa: 3 
DFE: VEPD, the points K, 4, * will be the points of inte- © 
ſection of the line DE and the lines joining the points of con- 

tact B, A and A, C, and if from the point K you draw a line to 

the interſection N of two tangents, interſecting the third in R, 

and the line AC in r, and you make KR: KN:: Rr: TN; the 
point r* will be in the line AC. Therefore the lines drawn * 4. 65: 
thro the points r, 4, will give the points of contact A, C, and the 

line drawn thro the points K, A, will give the point of contact 

B: and conſequently the Curve may be deſcribed. V. W. D. 


136. 7 


PROBLEM "YI 


137. 0 ſcribe the Curve of a Conic-Seftion, thro a given pro. _ 


point E, which ſhall touch four right lines N TS, Mb 
MH, H N given in 2 


Yhe 


bo 


Xe Art. 65. | 


* Art. 68. 


The FIRST Book. 

The interſection à of the diagonals HT, NM, of the trape- 
zium formed by thoſe tangents, will be in. the ſame point as 
the interſection of the lines joining the points of contact A, C 


and B, D; therefore if the line drawn thro' that interſec- 


tion a, and the given point E, interſects three of thoſe tan- 


gents in L, P, F, and aF: 25 :: SFE: EPS, the point 8 will 


be in the * Curve. But if ELS: SF E:: KL: KF, the point 
K will be in the line joining the points of contact B, A, from 
which drawing a line to the interſection N of the tangents NT, 
HN, meeting the tangent TM in R: and if KN:KR::rN: 
rR ; the point r will be“ in the line joining the points of con- 


tact A, C. Therefore the line drawn thro' the points r, a, will 


give the points of contact A, C, the line drawn thro K and A, 
will give the point of contact B; and laſtly the line drawn thro' 
the points B, a, will give the point of contact D. W. W. D. 


| Fis. 101 N 


2 #1. 67. 
the points of contact A, D and B, E; the interſection b of the 


18. 102. 


PROBLEM VI. 


O deſcribe the Curve of a Counic- Section, which ſhall 


138. | 
3 touch five right lines GH, HM, TK, MF, FG, given 


„ 


in poſition. 


The interſection 2 of the diagonals G N, TF of the trapezium 


GTNF will likewiſe be * the interſection of the lines drawn thro' 
diagonals GM, HF, of the trapezium GH MF will be the in- 


terſection of the lines drawn thro' the points of contact A, C and 


B, E; and the interſection n of the diagonals GL, HK of the 
trapezium GH K, will alſo be the interſection of the lines drawn 


thro the points of contact B, D and A, C. Therefore, by the 


help of the three given points a, 5, n, the Points of contact will 
be found. V. W. D. „ 8 . 


I. JN be froe preceding Problems, the center or a focus of a Conic- 


1 Section, is to be taken for two points, and an aſymptote for two 


tangents. For example, if the two aſymptotes E N, BP of the op- 


| Pofite Hyperbola's AQ, DR, and the tangent EF are given; it is 
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plain, that the tangent EF is parallel and equal * to the conjugate 
of the diameter Aa, which biſetts that tangent, and conſequently 
paſſes thro the point of contact. 

II. If « point D of the Curve, and the aſymptotes, are ou 
By drawing DB at pleaſure, meeting the aſymptotes in N, B, and 
making BR=DN ; the point R will be in the Curve. 

III. If three points Q, D, R of the Curve, and the afymptote E N, 
are given. By drawin N tuo lines 7 theſe e points, meeting the 
given aſymptote in L, and if JN, QP DL; te 
points P, B, will be in the other Hupe, which therefore will be 
given in ' poſition. _— 

IV. If the center O and the three points A, B, C of the Curve os: 6s; 
of an Ellipſis or Hyperbola are given. Draw the diamete Mm 5 
= thro' the middle of the line AB joining tro of thoſe points, and j Jon 9 
= the points A, C, then the reſt may be done as in Article 133. 

V. / the center O, the point m of the Curve, and the tay tan- F 10. 9% 
= gents TA, TB, are given. It is evident, that the line AB join- 

ing the points of contact A, B, is biſetted by the diameter T O, and 

is parallel to a line given in pojition. For er the circular arch 
atb able to contain the angle ATB, and making the angle da b 

© equal to the angle QT B; then if from the interſection d, of tbe | 14 
ine ad and the circumference, the line dt be drawn thro the mid- | 1 
a4 q of the line ab; the triangles ATB, a tb, and QT B, qtb,, f 
will be ſimilar. 7. berefore, bq : qt:: B Q: QT. which being pre- 

mi ſed. 

. 4 diameter thro the given point m; then the line drawn |} 
from the point, where that diameter meets BA produced ( found as | 
before ) parallel to the line given in  Pofition, will determine the * Att. 136. 4 
f;oints A, B, required. 

VI. Laſtly if the center O and the three tangents AT, TN, 
= NC, are given, it is plain that the ratio's of the ſides of the tri- 
4 angles ABT, BCN, ABC, are given; ſince the lines AB, AC, 
= BC, are parallel to lines given in poſition. Therefore if BT x, 


BNS -x, a Be — and AB: BC. 4 u, Or 


Be... 


3 4 
ne acdc &; we ſhall have s 5 Tar The value of x gives 
5 the point of contaft B; and ale, the pants of contact A, & 
area fo given. 
. — LE M- 


* e r AIR Be ce — TIE D206 ee on 2 « 
TAP p * 
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Fic. 103. 


* Fic. 104. 


155 


take BP. 5 , BQ= 
draw the rag PS, DF and W, D E, perpendicular, and D J 


The FIRST Book. 
LEMMA I. 
139. I. the Fae? mtn, and the ratio of the Sines ds, dr, of the 


two parts mtd, dtn of that angle, are given; the line td 
will be given in poſition. 


For if the line tc be drawn at right angles to the ſubtenſe mn 


of the given angle; the ſimilar triangles met, med, and net, 


nrd, will give te: tn:: dr: dn. and te: tn(=tm): :ds:dm. There- 
fore dr: dn::ds:dm conſequently the ratio of the lines md, dn, 


_ given, the line td is alſo given in poſition, V. V. D. 


LEMMA II 


Hree points ABC. being given, to find a fourth D, 
ſuch that the Difference of the lines A D, BD, C D, 


| forall be given. 


Suppoſe B D u, AD=c+u, CD=4d+u, ABE, BC= b ; | 
2. | 


, and from the points P, Q., D 


D R parallel to the lines AB, BC. Then if DS=FP=x, DR 


EO, BF will be r Yong nn: and 


becauſe of the right angled triangles AFD, BFD, and CED, _ 


BED, we have (AD=AB+BD+2ABxBF) cu=ax, and 1 


(DC C=B( C+B BD+2B CB E) du by; and by exterminating 1, 


we ſhall have bc y=adx. Therefore, becauſe the ratio of the 


lines DS (x), DR (Y) is given, the line drawn from the interſec- f 


tion T of the lines PS and QR, to the point D will be alſo given 


in poſition. 


If the line T D interſects the line CB in (a); the fimilar * 


angles T Qs, TRD, will give eQ (a): a T (m)::DR G 


5 =) 
dmu 
:DT=2z= 51 Therefore, if FO line rx be drawn ſuch that 


rT:rx:: dm: bn, the line BD drawn from the point B parallel to 
xr, will interſect the line TD in the point D required. W. M. D. 
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PROBLEM N. 


141. EE focus F, and three points N, L, M, of the Carve F 16. 105. 


of any Conic- Section being given, to find the Axis _ 
the other Focus. 


It is evident that the three lines MF (a), LF (5), NF (c), are 


the differences of the lines MF (7), Lf (), Ny (Z), to the firſt 


axis Aa in the Ellipſis, and the fame lines added to the firſt 
axis, are equal to the lines u, y, 2, in the Hyperbola, viz. a 
Aab; b+y=c+2z; a+u=c+2, or a—b=y—u, c—b=y 
—2, c- =-, in the Ellipſis; and a—a=y—b, y—b=2z—c, 
u—4 -c, or 2 b—C=y—2, ac u-, in the 
Hyperbola. Therefore the other Focus F as well as s the firſt 
Axis, may be found the preceding Lemma. 


Otherwiſe. 


Join the given focus and the given points by right lines, and 
take in the lines NM, NL produced, the points P, D, ſuch. that 
FN:FM::NP: MP, and FN: FL:: ND: LD; the line FB 
perpendicular to the line drawn thro' the points D, P, will be the 


Axis, and DP the * Directrix. Therefore the reſt may be found Dęfnit. 13. 


as in ARG 18. 

For drawing the lines N NK, LQ, M H perpendicular to DP; | 
the ſimilar triangles DQ L, DKN, and PHM, PKN, will give 
ND:LD::NK: LQ_ as FN to FL by Conſtruction, and 
NP: MP:: NK: MH :: NF: MF. Therefore the line * DP is * Art. 13. 
the Directrix of the Section, which paſſes thro' the points M, N, 
and the focus of which is the point F. W. V. D. 


Corollary I 


142. I F inſtead of three points, there were two points and a 
tangent, or two tangents and a point given: it is evi- 

dent, that the other Focus and the firſt Axis may be found in the 

fame manner as before. For example, ſuppoſe a tangent to be 

given inſtead of a point. 

If from the given focus F the line FD be drawn at right an- q, _ , 4 


FI o. 106. 


gles to the tangent DI, and DL be taken equal to DF; then the 


line 


"=P * 


1 r a 


WD: IL CET 
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line Lf will be equal to the “ firſt axis; therefore its Diffe- 
rence to another line drawn from a given gt of the Curve to 


the focus f, will be given. 


* Art. 28. 


Fi. 105. 


But if three tangents EM, HN, DI, are given. From the 
given focus F draw lines FM, FD, FN, at right angles to thoſe 
tangents : then the center C of the Circle, whoſe circumference 
paſſes thro the three points M, D, N, will be likewiſe | * the cen- 
ter of the Section. 


COROLLARY II. 


143. HE line FP joining the focus, and the interſection of F 


the directrix with the line drawn thro' the two points 


N, M, of the Curve, will biſe& the complement EFM of the 


* Ht. 141. 


Wan ee ert ee en . 


Fi. 113. 


angle made by the lines drawn from thoſe points to the focus. 
For drawing MT parallel to NE, we ſhall have PM: PN:: 
MT: NF: : MF: FN; therefore MTF M. Conſequently 
the angle MFT is equal to the go MTF, or s to its 
alternate one EF T. 


8 E C T ION II. 
Of CONIC-SECTIONS canſidered 15 the Solid. 


DEFINITION 4 


1 
I. a right line KY drawn thro any immoveable point K, 


aſſumed without a Plane, in which the circumference of a 


- circle YxXy 1s deſcribed, be indefinitely produced both 


ways, and moves quite round that circumference ; then each of the 


ſuperficies deſcribed by the motion of the line K Y, is call'd a Co- 
mic-Super fictes ; and both together, Oppoſite Conic-Superficies. 


PR T9 
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2. 


The immoveable point K, common to both the oppoſite Su- 


perficies, is call d the vertex. And the Circle Vx Xy the Baſe, 
3. 


The Solid comprehended between the baſe YxX y, and the part | 


of the Conic-Superficies between the * and the vertex, 
called a Cone. ; 


ps 
Any line as K V drawn from the vertex K to a point V in 
the baſe, is is called a Side of the Cone. 


5. 


The line dawn from the vertex thro' the center of the baſe, 


| E i called the Axis of the Cone. 
6. 


If the Axis be perpendicular to the Plane of the bats; the 


| Cone is called a right Cone: but if the axis * to it, the 
Cone is then call'd a Scalene Cone. 


1 7. 
3 If a Plane KD d be drawn thro the vertex K of the Cone, 
parallel to the plane of any Conic- Section MAN ; the indefinite 


right line Dd, formed by the concurrence of that plane, and the 


plane of the Cone 8 is call d a Directrix. 


A 8 MAN is call'd an Ell os, when the PTY 


trix Dd * falls without the Cone's baſe ; an Hyperbola, when the 
| fame falls 2 or cuts that baſe ; and a Parabola, when it 
only touches * 

5 interſeion nam of the Hyperbolical plane, and the 
pos Cone, is called oppoſite . to the former MAN. 


8 . 9. 


* Fic. 112. 
* Fic, 113. 


* Fic. 114. 
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Fic, 112. 


FI. 113. 


and do not return into themſelves, 


Fis. 114. 


Firs, 11 3. 
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A right line drawn in the plane of a Conic-Section, which 
touches only the Section in one point, and being continued both 
ways, does not cut nor fall within it ; is called a Tangent, 


Conotlaty l. | 
144. A LL the Sides of the Cone will interſe& the Elliptical 


Plane, fince they meet all the plane KDd parallel 
thereto in the point K. From whence it appears, that the El- 


| lpfis returns into itſelf. 


"CoRoOLi any . 


145. A LL the Sides of the Cone, produced if neceſſary, will 
meet the Hyperbolical Plane, except only K D, K d, 


which are drawn from the vertex K to the interfections of the 
Directrix, and the circumference of the baſe; ſince they meet 


all the plane D Kd parallel to the former, in the point K. More- 


over the ſides of the part of the Cone Kd VD, do form the Hy- 


perbolical Curve NAM, and the Sides produced of the part 


KdXD, do form the oppoſite Hyperbolical Curve na m. From 


whence it appears, that each of the oppoſite Sections are infinite, 


Se alt t nr IM 


146. þ LL the Sides produced, will. meet the Parabolical 
1 Plane, except the Side K D,; which is drawn from 


i point D, where the directrix touches the 


baſe: becauſe they meet all the Plane K Dd parallel to the for- 
mer in the point K. From whence it appears, that the Para- 


bola extend itſelf, ad infinitum. 


COTF0LLARY IV: 


147. I T is alſo evident, from the generation of the Cone's Sur- 
7 face, that its interſections KD, Kd with any plane, 


paſſing thro the vertex K, will be two right lines. 


LE M- 


in 
If 


of 2: jond 
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L EMMA III. 

Fa Plane EF GH revolves about a line EF as an axis, Fc. 1073 
its interſectians GH, gh, with another plane AB, will . 
always be right lines. 

a the axis EF be parallel to the plane AB, all the Fes 9" F 16. 10%. 

gb, of thoſe planes, will be parallel to the. axis EF, and — 

— Fond between themſebves. 

But if the axis EF is not paralltl to the plate AB, the inter- F 10. 108, 
ſect ions G H, gh, will always meet in the ſame point G, wherein the 
axis EF does meet the Plane AB. 155 

This i is ſo 28 that it requires no demonſtration. 


148, 


LEMMA 5 


| 149. P upon a 1 "AG CA (produced if neceſſary) 0 "a Circle, + 
you take - CB: CA: CS, and the line DB be drawn 110. 
| af right angles to CA: T ſay, the line ab j Joining the points of con- 
tract of 1 tangents, drawn from any point of the line DB, will 

| always paſs thro the point S. 

{ For joining the center C and the point of concourſe D of the 

| tangents by a right line, meeting a b in P; then becauſe of the 
right angled ſimilar triangles CBD, CPS, we have CP: CS:: 


CB:CD, or (CSxCB) CA= -CPxCD. Therefore Sc. 


LEMMA V. 


FP the lines Da, Db, buch a Circle in 45 and if 7 . 
5 their 'interſeftion D, a line DY be drawn, meeting the 

| FAG. aug in X,Y, and the line ab in 8; T jay, DX: n 
r 

T bro the points V. X, draw the lines Yy, Xx, parallel to ab, 
interſecting the Curve in x, y, and the tangent in F, E; then the 

line drawn thro the points 9, x, will paſs thro the point D. 


— —2 


Therefore DE:DF:: EX:FY :: Ex: Fo, or DE:DF:: NE 


| X=) 2E: (YFy =) F. Alſo DE: DF: 4E: aF; and conſe- 
quently DX: DY: ä 


T HE- 


Fic. . rog 


2 * 
— — —— — 7 m 
. 
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THEOREM XXIV. 


151. J P two right lines M N, mn, terminating in a Conic- Section, 
8 interſect each other in P, and are parallel to two other 
lines KD, Kd, given in poſition: I ſay, the Rectangles MPN, 


* ” 


mp n, are always to each other in a given ratio. 


The Planes drawn thro' the parallels KD, MN, and K d, 
mn, will form two right lines YXD, yxd, in the plane of the 
baſe, the lines KMY, KNX, and Kmy, Knx, in the Cone's 


Surface and their common interſection the line K PS, which 


meets the plane of the baſe in the point 8, wherein the lines 
YXD, yxd, interſect each other. Now if thro the point 8 you 


draw the line RV, in the plane VK D, parallel to MN, and 
the line ru, in the plane y Kd, parallel to mn, and you {make 


DK ga, d K =, VD Sy, DX x, yd g, dx v. Then be- 


cauſe the triangles K PM, KS R, and KPN, KS V, are ſimilar, 
as are likewiſe the triangles K Pm, K Sr, and KPN, K S2; we 


ſhall have KP: KS:: MPN: RSV: : mPn: 182. But becauſe 


of the parallel lines K D, RV, we have VS: RS:: VD (00: DK 
(a), and 8 X: SV:: DX (x): DK (a); and multiplying orderly 


YSX:RSV:: *: 44, or R8V==xYSX, likewiſe 184 


0 Therefore MPN :mPn :: VSX: ese. But 
. =. | 


becauſe the lines d K (5), DK (a) as well as the points d, D are 
given; and by the property of the Circle the rectangles Y SX, 
sx, are equal; and the rectangles VD X (xy) ydx, (vz) remain 


1 always the ſame, whereſoever the lines D V, d , are drawn ; it 


Fis. 117. 


follows, that the Rectangles MPN, m Pn, are always to each 


other in the given ratio of 55 to id 
T7 xy Vx 


C-0n0t i any I. 


152. JT is evident, that if in the Hyperbola, the line NM 
becomes parallel to one of the Sides of the Cone, which 

paſſes thro the interſection of the directrix, and the 3 
Fo 
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Of Contc-SECTIONnsS. 


of the Cone's baſe, or in the Parabola, be parallel to the Side 
KX of the Cone, which paſſes thro the point of contact X of 
the directrix, it will meet the Curve but in one point M; and 
the Rectangle mPn, will then be to MP in a given ratio, 


6g 


For, if thro the point P the line ab be drawn in the plane 
'YKR, parallel to the line VX, and the reſt as before; we ſhall 


have mPn:aPb: 2187: YSX; or becauſe ® — and « %, 153; 


bb 
1SX 583 mPa: aPb:: 5 8x: YS X:: bs: VS. But the 


| line Pb is given, ſince MP is parallel to K X, and aP is my | 
as 1 Therefore mPn: MPb:: es., 


Cee I. 


153. F the plane ym K dx be ſuppoſed to revolve about the 
1 line Kd as an axis; it is evident, that all its interſec- Fre. 115, 
ſections mn with the plane Mm N parallel to the axis Kd. 

of revolution, will be always parallel to each other; and all 
its interſections d y with the plane of the Cone's baſe, will always 
paſs thro the point d. And when the plane „Kd touches the 
Cone only at the Sides KY, KX, the interſection mn will be- 
come "00 e ee Me, N . 


F UI. 


154. Ence if the Plane YKX paſſes thro' the points of con- 

1 act Y,. X, of the tangents drawn from the point d to 

the Cone's baſe, the line mn. will be always biſected in P by the 

* line MP, whereſoever the plane y K d paſſes. For * yS: yd :: * 4. 150. 

xS:xd; and ſince ® yS:yd::rS: Kd, and xS::xd:Su: Kd; - Art, 181. 
rS will be = Su, and becauſe ru, and mn are parallel to each 

other ; it follows that mP=Pn. 


co aA IV. 


155. LIN the Ellipſis and H perbola, If the angular point d of Fic. 175, 
7 | P ö Pp f 
the plane y K d, moves Os the directrix Dd; it is 
T evi- 


2. 49- 


* Art. 144. 


Art. 154. 


FI G. 115, 
116, 127. 


Art. 155. 


"i The FIRST Book. 
evident that the line Kd will remain always parallel to the plane 
MmN of the Section, and the line V X, joining the points of 


contact of the tangents drawn from the point d to the baſe of the 


Cone, will always paſs thro' a given point“. Therefore the 
plane YKX will tura about a line as an axis, which there- 


fore will always * biſe&t MN; fince DX:DY:: SX: SY. 
Y Cox 1 . V. 


I $6, Ecauſe the line MP biſects always * the parallel lines 
mn: it follows that the line MP is a diameter. 


Whence it appears: That all the diameter of an Ellipſis or Hy- 
perbola, biſect each other “ in one point: and that in the Pa- 
rabola they are all parallel to the Side K X of the Cone, which 
paſſes thro' the point of contact CX of the directrix d X, and 


conſequently are parallel between themſelves. 


Fi. 118. 


THEOREM XXV. 


157. J. a right Cylinder Ab, be cut by a plane BMA N obliquely ö 


to its baſe as b, the Section BMA N will be an Ellipſis; 
that is, if any two parallel lines MN, mn, terminating in the 
Section, are cut by another line AB terminating likewiſe in the 


Section, in P, p: Tjay APB: ApB:: MPN: mpn. 


For the Planes drawn thro' thoſe lines perpendicular to the 
baſe of the Cylinder, will form in its Surface the parallel lines 
Aa, Bb, Ms, mr, Ny, nx, and in the baſe the parallel lines 
rx, Sy, and the line ab, and their interſections will form the lines 
pu, PV. Now becauſe of thoſe parallel lines, we have 1.“ aV: 


 au::AP: Ap; 2.0 bV: bz:: BP: Bp; and multiplying or- 


derderly, aVb:aub:: APB: ApB. In the fame manner may 
be proved that 8Vy:rux::MPN:mpn. But by the pro- 


perty of the Circle a V b=sV y, and aub=rux, Therefore 
AFB: ApB:: M ; wt 


The End of the firſt Book, 


4 


— IIs 


at 


— .  _ — 


* 


E 


p_ —— — = — 
1 


ti 
i" 
1 


| 


3 


| | 
i ji; 


e 


| ( 0 | Ac 
| il ama! 


| 


108 
| 


J 


ö 


| 7 


| 


el | 


oo. 4 tdvd leathii 


＋ 


— 


- 


— 


- 


2 * 7 


\ * 


6 6 „%% „% „„ „%%% % „% „% „% „% „ „% „ „„% 


benen 


: . 

: a 

: — 

— 
8 f aA — 
* | 4 => — 21 
— — 
— — — a l 
— — — — — - — — — — 


15 


Hude LI. 2 Tg: 71. V, 


8 
*. 


* 
> 
* 
1 - 
A, k 
2 3» 
6 * - ; 
* 4 
F * 
- 0 * : 
G ve \ 
ky 1 
9 we ; 
n * 
* © 5 * : : 
8 - 
EX A 75 5 
: - 
: * 
8 1 
5 U 
1 
4 * : 
* 
— * 
* 
+? . 
mY h | 
- 
: 
; „ 
* # 5 
oy 
. >; 
. 
4 
4 
Pg 
* 
f - 
0 7 


— — 1 „ — — 


* _ a 7 8 4 l at AS RE AE 
— NN earns F 


* 
— 
— 
% 
— 4 . | 
4 1 | 
8 $ 
. 
: * 
1 
. 7 : 
* 
* & 
| | Pa 
nd - 
- 
* I 7 : | 
o * | 
; o 
% 
| * 
: * 
% | : 
| * 
* ” 
* | 
* 3 5 
* 8 
8 0 
- 
. 
* 
; -A 
4 - 
* p : 
* 
* 
V 5 ; 
, 
” 
5 
J — 
- 
/ | | 
% 
* 
* 
4 
* 
| | o 
- * 
tO — 
— 
V 
, 
. 
, 


B 0 0 K 


IL 


0% FLUXI0O Ns. 


d ae r ö th rer g rtr ane eme tin 


8 E C T F o N 1. 


"LEMMA . 


I 58. T H. E product of « 45 wald in into a is af” 
that of ax" into a+x n ax 
general the product of a 2” multiply di into a is 4 


6 


I =a+x. In 1 
3 chat of 


* into N is ax” . Likewiſe the product of x x 


FE beg multiplyed i into x KTL is x 


vident from the Compoſition of Powers. 


59. H E qu tient of af divided 1 by « a is 
that of a+x divided «A a+x is a+x 
a+ x", an dae te the quotient of 4 divided by aisa * 


n 


of 2ER | 2 "if a+x* 9 4. 


of x" x a + x divided by x xa + x 
1 the inverſe of the firſt E 


L E M MA pod | 


—— 


m- 2 1 . * 
xa+x This is e- 


, that 


1 the quotient 


© hens nn — 1 — 


xa ＋ 


This 


Cox. 
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Ecauſs 2 « ang © . 


4 = 1 
that the denominatey of a fraction or a broken number may be 
put into the numerator, by changing only the * of its expo- 


nent. For if we fore a = 5, the: fra@tion © _— „ will be 


160. 1 4 * x 5 it follows 


come =@a_ Likewiſe i Ty 21, pu fradtion . 
2. | 
= a+x wil iow == = E . 
OW [Ha 1.2. 


TOE en OE. II. 


Enee, will s 2 FR va =85, e A! l 
I and i in general * A = — Cee. For if both ſides 
of the Equation van = = e are elevated to the Power 7 


161. 


we ſhall have r CY „en continued * m terms, 


& 4 * x * 11 
* * 
9 1 1 14 if: 
5 % 4 3 


that is = ax. - 15 Ty 
L.E M M A m. 


F a Series a AY "ay ' bbba*” 1 Ge. formed by | 
a binomial a+6, of which the exponent 7: of the fel 
number decreaſes, and the exponent of the ſecond increaſes by 


Unity) be multiply'd by the difference a—b, the. odge will be 
5 * or the Ns product will be "ag . 


— 4 — 


V which ſhews cha al 
the terms vaniſh except the firſt and the laſt, 


162. 


1 


Cox. 


Of Fr. uxtions - 73 


1 CoroLLARy III. 


Ence if a binomial a — þ* be divided by the differ-- 
. ence a—b of the two numbers, the quotient will be 
| compoſed of as many poſitive terms as the exponent x contains 


units, and the greateſt exponent will be —1 ; therefore a* — b? 
divided by a—9, gives @a+ab4+b6, 


| LEMMA IV: 
164. G1 a Point (a) to be continually moved by two forces 


at" the ſame time, the one conſtant or given, and in the dires- 
tion AP, and the other varying every where according to ſome given 
law, and in the direction AF parallel to the femi-ordinate PM, 6 
that the point (a) may deſcribe a Curve-line AM n; then the Ve- 
locity with which the point (a) arrives at any given place M, in the 
direction AP, will be to the Velocity with which it arrives at M 
n the direction AE, as the ſubtangent TP is to the ſemi-ordinate 
Let the point @ continue to move uniformly with the Velocity 
with which it arrived at M. It is evident, that inſtead of con- 
tinuing to deſcribe a Curve- line Mn, it will deſcribe a right line 
MN touching the Curve in M. For if the motion in the direc- 
tion AE be a retarded. motion, ſo that the Curve be coneave next 
to AP; and if the lines L p, Nq are any where drawn on both 
Sides of the point M, parallel to A E, meeting the Curve in m, n, 
the line MN in L, N, and the line EM parallel to AP. in F, r; 
then, whilſt the point @ moves from F to M, and from M to r, 
in the direction AP, with an uniform motion, it will move from 
m to F and from r to n in the direction A E, with the retarded 
motion: and ſince the velocity of the point 4 is leſs in M than 
in m, and greater in M than in n, by ſuppoſition; the ſpace mF, 
will be greater, and nr leſs than the ſpaces LF Nr, which the 
point à would deſcribe uniformly in the ſame time with the ve- 
locity it has at M. Therefore the line TMN, lies on the fame 
ſide of the Curve, and meets the ſame but in one point M. 
No becauſe, whilſt the point à moving uniformly from M 
to N with the velocity with — it arrived at M in the direc- - 
— . T | Rene oY 


N | 763. 


Fic. 119 


The BECOND BO Ok. 


tion MN, moves from M to r, with the velocity with which it 
arrived at M in the direction AP or E M, and from er to N, with 
the velocity with which it arrived at M in the direction AE or 
PM: and ſince the Spaces deſcribed uniformly in the ſame time, 
are as the velocities with which they are deſcribed: it follows that - 
the velocity of the point a at M or P in the direction AP, is to 
the velocity at M in the direction AE, as Mr to rN, or becauſe 
of the ſimilar triangles TPM, Mr N, as the Subtangent TP is 
to the Semi-ordinate PM. V. V. D. 55 


CON OL IL AR Y I. 


165. N Ecauſe the point à deſcribes the Curve A M, with the 
compound motion of the two forces acting in the di- 
rections AP and AE ; the velocity in any place M of the point a, 
generated by that compound motion, may be ſaid to be the velo- 
city with which the point a moving in the Curve arrives at M. 
For it is evident, that the more or leſs the compound motion is 
accelerated or retarded in a given time, the point will deſcribe 
greater or leſſer parts of the Curve. 5 | 
N. B. Though we have ſuppoſed oneof the forces which move 
the point 2 over the Curve given, yet they both may vary ac- 
.cording to different laws; for the Demonſtration above holds good, 
in all Cafes which poſſibly can be ſuppoſed with reſpect to their 


variation. 
D EYINIT IOM S. 


HE velocity with which the point à arrives at M or P in 
the direction EM or AP, is call'd the Fluxion of the Ab- 
ſciſs AP. 1 6 ; 5 
Ib)ube velocity with which the point à arrives at M in the direc- 
tion AE or PM, is call'd the Fluxion of the Semi-ordinate PM. 
And the velocity generated by the compound motion, and with 
which the point à arrives at M, is call'd the Fluxion of the Curve- 
line AM. 
In general, if the line AP expreſſes any variable Quantity what- 
ſoever, generated by a continued motion, varying according to any 
given law; the velocity at any given point P is call'd the Fluxion 
of the Line or Quantity AP, | TM 
5 And 


©. e os e 


Of Frux1ons. 


And reciprocatly, thoſe Lines or Quantities are faid to an the | 
Fluenis of their Fluxions. 


N. B. Hereafter we ſhall always expreſs the AO TRA or inva- 


riable Quantities by the firſt letters of the alphabet as a, b, c, d, e, 
&c. and the flowing or variable Quantities by the latter as, s, f, u, 
, I, 2, and their Fluxions by the ſame letters with a dot or. 


8 them, as b, 4, y, 3. N 


PROBLEM 1. 


166.T" 2 fad the Fluxion of yy: 

Suppoſe x=yy, and AM to be the Curve of as E- 
uation, which will be the common Parabola: for if AP=sx, 
M=y, and the parameter of the diameter AP be unity; then 


TP (25%: PM G)) :: "Fw or 5 * conſequently 29 7 is the 
F luxion W of. 0” | 


PROBLEM. I. 


** 10 find the Flaxion of y ?, LAT | 
Let x=y?, and AM be the Curve of that Equation, 1 


Ap=Nx pmg, and Ag u, qn z; then will 22; and ſub- 
eg e the firſt Equation from the laſt, we ſhall have 2 — * 


2 -N , = * TN. Now if the line nm meets = 


diameter AP int; then will qu—pm (z—5): qp A 


pt: 1: 22 ＋ +) y and if the lines Pm, n, are ſuppo led 2950 
to ech continually until they coincide with PM ; it is evi- 
dent, that the line nt, will likewiſe coincide with the tangent 

TM, and 2 will become = —=y. Therefore PM: PT: : 1: „yy 


5: K, 0r #= Jy ; and conſequently 30%. will be che fluxion „ 


defired of y. M. W. D. 
In general, let it be required 10 77 the Fluxion of yo , 


| The ſame thing being ſuppoſed as before, we ſhall hive Us: 
Sn - =2—y x into 2 — ＋ 2® . 3 + &c. con- 


75 


will x Syy and the ne TP willk be an. Therefore 4. 223 


tinued to n terms * : therefore pm: pt: : 1: -H -a * 4; 16 


Sc. and when the line nt becomes the tangent TM ; 2 will de. 


come. 


=_— The SECOND Bedk. 


4 163. ebene ah, and 21 Se.“ =. Conſequently PM 
{PT :: 1: my: 1 0 :X 3 or an 2 OR therefore mg gt 


wil be the failed ed of h 
PR O B L E M. 11. 


168 Te 2 find the Fluxion of SY. 


Let the Curves AmMr, AnNs have the ſame vertex A, and 
be ſuch that the rectangle pmxpn, of the ſemi-ordinates be al- 
ways equal to the common abſciſs Ap multiplied into unity; 
therefore, it Ap x pm yy, Pn, Aq Dr, * qs u, we 
ah 

2 


Pie. 120. 


ſhall have *. r= ub, and 7 —x=1V—)'S, or [= 


— pts: 8 — : and if the lines rm, sn, meet che diameter 


vv: X 1—7 y 


A ͤ in t, u; "i 2 pt and fo the laſt 


* 2 * 2 5 1 HE / 
Equation will become - Jt 57 = =I. Now. when the 


ordinates mn, rs, coincide with NM, the lines rt, su, will 
likewiſe coincide with the tangents MT, NV : and y will be- 
come n, a, ee 225 Conſequently the laſt E- 


0 167. 


4 5 quation will become LEA I, or 1 +35 = # becauſe # 


F- and F-. WW. D. 


CoRoLLARY J. 


ih „B we have always Nr: TM.: MP : TP. 11 is 
manifeſt that the ratio's of the vaniſhing lines nr, cM, 
nM, are equal to the ratio's of the Fluxions of the ſemi-ordinate 
PM, abſciſs AP, and the Curve AM; ſince rn, rN, become 
equal in this caſe as well as Mn and MN. Therefore we ſhall 
hereafter expreſs indifferently thoſe ratio's, either by the. vaniſh- 
ing lines nr, rM, nM, or by the Sides of the triangle MPT. 

Cor 


227. An * becauſe a 2 =; thereſore fubſtiuting Z for * 


ee Nis 


| eee 


4 * W 
n,, og A 
Ran | TP". 


1* | * ws 5 1 II. . 9 gon” 
| 200 0 * 0 L L A L” OI 


170. _ HE Flaxicn of 45 will be! xy ee Por 1 
T5 if xy=u, (whoſe fluxion is x3 +yx=u); n 
49 uz: therefore the fluxion of zz, =v2+2u=zxyz+yx2 


+2xy (becauſe 5 x ITO and * will be the fluxion of 


"XS deſired, 
Co R O L'L ax'y MW. . 
| 171. T Ence aha F lee 9 is „ 222 For ** =x, 


3 
. 1 | a FL] 


F 


and 8 by nz; we ſhall have 7 2 22 1 25 =&, which 18 the 


Huxion fought. 


99 85 © o R O- I; I. A R 1 IV. 


4 


— 


ſuppoſe x r. or c = ; then will Ry 


ws 7 25 or na Ew“ 22 — NR . be- 
Fe 


| cauſe Pg x =>; and 15:9 5 £3" 


In the ſame manner ay be proyed that the fluxion of . X*, 


— —— — — 1 
' 4 
a 7 £ - " 


wes | ConotranyV. IEA the 


a 179. HE Fluxion of x * Pere Im Pry + mace = 


— — 


JN For Carts: , then will ee 


wy 


or z Ln fluxion of which is 33 or 


HE Fluxion o. will be 1x 55 l a For 


"> 17. . | . Hence we diſcover the following ;/ ; 


-. 


Art. 167. 


* Art, 1 68. 


| N 2, and! the Aaxion of vn % will be, ma 2 1 I Bp 


| ken. * 


9 


The S, K. 


Fen * 4 Pu "+ nx" * 2 T1, becauſe 4 Fx =2, and 2 


4 * 


General Ries for ding the Fluxions of variable 
15 Quantities, 


L. 


'O find the Flyxion of any quantity as a2”, where the 
— eber any finite nnmber whole or bro- 


Multi oN the quanti ty by the * exponent of the 43; quantity, 


and change one of its dimenſions into its fluxion. Thus man, 
will be the P luxion ö 


: " 
: * 7 4 - 
—— 1 j 1 
W * 1 . 0 * 193 * # 
I 1. a 


TN O find he F luxion of * . quantities 2 * 2 1 | 
en to any povers n, u, and multiplyed i into each other. 


M. ultiply the Jluxton of . each e into * the other Quantity, 


4 ths Sum of the tao products az" xm ye Hops *n Fm oil 
be he Pluxion required. 


III 
176. TO ad the Fluxion of a binomial 4. He elevated. to 


any power m. 


Multiply tbe produci of the fluxion, of. the variable term xn. and 


| the exponent in of the binomial, into the binomial, whoſe ex- 


* 41. 172 ponent leſſen by unity, that is * mnxx"x ail 


be the F en 


4 
4 
#” 


* 
£ 
3 8 * 


8 10 find the Fluxion e un! mala into a 
variable quantity elevated: to N vix. KTR 


Mul- 


il 


that is, unity is to my*—t, or y is to myyn—1, as the fluxion or 
1 velocity with which y is generated, is to the fluxion, or contem- 


expreſs thoſe Ratio's, by ſuch lines as increaſe or decreaſe in the 


| third fluxions of x, y, z. And fo on to fo many ſubordinate 


| by *, J, 8; &c. and ſo on. 


2.0 of F. L f 79 


Multiply the flurion of the * 'y which multiplies the Bi Ti 
into the Binomial, multiply li the fluxzion of the Binomial into 8 - 
that quantity: then the Sum of 55 two produtts will be the Funn 1 


RF 7 | 
required : : viz. * rag va bnmaxt+—! x a+r* . * br. wh 


N.B. Though. we commonly fay that ſuch a quantity, as 2 


for example, myyn—, is the Fluxion of y; yet that expreſ. | 
fon is not ſufficiently accurate: | Thetefore, the ſenſe in 


which we deſire to be underſtood | is, that I: ny u:: 5 my 1 


R velocity with which k of Is generated, and o for the reſt. 


8% . 


8 in \ the = of fluxions, there is ; required no more than the 
Ratio's of the Velocities, with which variable Quantities 
as x, y, 2, &c. are generated in the fame time, and ſince we may 


ſame proportion, as thoſe Velocities : it follows, that we may con- 
ceive the Velocities, with which thoſe lines are generated in the 


fame time, as the fluxions of the former, , 9, 2, &c. or as the ſe- 
cond fluxions of *, y, 2, &c. And likewiſe the velocities, with 
which the lines, cxpreſling the Ratio's of theſe ſecond fluxions, 
are generated, as the fluxions of the ſecond fluxions, or as the 


degrees of fluxions as thoſe Ratio's vary. 
The ſecond fluxions of x, Js Kar denoted by % 5.5 the third 


a. o# os 


To AMluſtrate this, let 3 abſcis AP. 33 to pct tet 1 Fire. 119. 
pondent ſemi-ordinate PM, as the degree of velocity denoted by 


x, is to the degree of the 2 velocity denoted by); 


and let the ratio of theſe fluxions x, y, be expreſſed by any Equa- 
tion, ſo chat the Cutve AM may be deſcribed : then the fluxion 


x of *, or the ſecond fluxion of x, will be to the fluxion rl of 95 
or the ſecond fluxion of y, as the ſubtangent TP is to the ſemi- 
2 | or- 


TY andioaie PM." Thinfore, if 1. 95 TP will be = Pi and 
7 | conſcquenty TP: PM. 305 1915 17 TR or x S393... 


co AR * 2 


| ions are the. variations of the velocities, with which 
Quantities * are generated in the ſame time; the third fluxions, 
the variations of theſe firſt variations; and the fourth Huxions 
the variations of the ſecond variations, Se, 2 


| 178. Fiz M whence it calily appears, that the ſecond flux. 


. I © 


Coxorrany II. 21 bis 


279. 17 AP is an axis, that! is, if the dad tes PM fall 

at right angles upon the diameter AP, and if x, y, 2, 

denote the fluxions of the abſciſs AP, of the ſemi-ordinate P M. 

Ai. 165. and of the Curve AM: then becauſe theſe flaxions are as * the 
Sides of the triangle TPM, we ſhall have Sr ; and 
the fluxion of this Equation, will be 2 Z = 8; when ) isconſtant, 

22 when « s conſtant; and * & yy o, when is con- 


ſtant. Which ſhews, that if one of the firſt F luxions is 
4 conſtant, the other two, are reciprocally as their fluxions, 

_ 1:7: Ie bs evident, that this Corollary may be alſo apply d to any 
right angled Triangle. For if one of the Sides is conſtant, the 
other two will be always reviprocally as their F luxions. 

1111 es 3 
Con O L AR I III. 


HE Method of finding Fluxions being wa Tan 
gents may be drawn to any Curve whole Nature ix 


given. For, becauſe * by: FE :PM (3): TP=2*, if inſtead of 


_ 


10. 


the fluxions , their ratio be ſubſtituted, which x ith be found 
by the help of the Equation of the Curve, the Subtangent may 
be determined. And if AP é is an axis, and M K a perpendicular 

to > the a the en maden Amir 1 T PM, MPE 


will 


* 


id 


be found likewiſe. 


* * 9 . Tt x * * * * 
; * j 2 . 
4- 4 * W A | 2 * 
* en wy * * F 2 - | 4s © 
—— e * © fs x "F< 8 
4 41 3 N e 5 N. TH UW $M i es, e 
5 * p * * * i —- 4 * #7 #3 bs g a 1 : ja al 2: 8 * * TS © * * 
F - y Ce =» 1 v . 7% I 2 Ak 7 1 F A”; "IL * 
* » x a, g Ts — ö — N N 
{ 6-7-5 , . 8 £24 3 

* - - : 4 5 3 * 8 wit . * 1 * 2 


25 3 FLiUxIONS. | 
will give P K 2 1 * herefore, the « 


* 


- : 
& <a * 


pbpeperdiculr PK, may 


N. B. We may oblerve, that if the Links y of the ſemi-or= 


dinate, be ſuppoſed equal to the ſemi-ordinate y itſelf, in the E- 


quation of a Curve; then the fluxion x of the abſciſs, will be 


equal to the Subtangent 'F p ſince ＋ P becomes = = 2 


. 
Therefore, if the Fluxion of Fa abſciſs is taken as uſual, and 
the terms in which the ſemi-ordinate is, are only multipl ed by 


the Exponent of that quantity; the fluxion of the abſciſs, will 
be equal to the Subtangent. Example, let x=y” be the Equa- 


tion of the Curve: then will TP=x=myn. Likewiſe, if axy 
D be the Equation; we ſhall haveaxy+ax +3 95 = 


3 ** bb, and TP 


924325 
38%x+6b—ay 


CE A rtr Ses SGU t. 


© SECTION IL 
The oe f Fluxions in fading Maximums and 
Minimums. 


DrriIxITI OV. 


ET MEm be a Curve whoſe ordinates are parallel to; 
[ each other : and let this Curve be ſuch, that while the 

abſciſs AP continually increaſes, the ſemi-ordinate P M 
increaſes alſo, until it comes to a certain point D, and afterwards 
decreaſes, or on the contrary, if the fame decreaſes until it comes 
to a certain point D, and afterwards increaſes, 


The line DE is called the greateſt or leaſt ſermi-ordinate, or 
a Maximum or Minimum, 


Y Con; 


Fic. 121. 
122. 


* 
2 F. P 


123. 
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 CoRoLllaRy. 
181. 1 FENCE, if che ſemi-ordinate PM to the axis AB, 


conſiſts of one or more variable quantities as AP ; 


it is evident, 19. that if while AP continually increaſes, PM be- 


gins from nothing to increaſe likewiſe continually without de- 


creaſing, or begins from infinity to decreaſe continually without in- 


creaſing; the expreſſion will contain neither a Maximum nor a Mi- 


nimum. 29, If PM begins from nothing to increaſe continually 


for a while, and afterwards decreaſes continually without increaſ- 
ing; the Expreſſion will contain a Maximum DE; on the con- 


"> Kb 


1G, 125, 


Fie, 126. 


will be a Maximum, the ſecond FG a Minimum, the third a 


a Minimum, the ſecond FG a Maximum, the third a Minimum 


ie. 121, 


3122 


trary, * if it begins from infinity to decreaſe continually for a while, 
and afterwards increaſes continually without decreaſing ; the Ex- 


preſſion will contain a Minimum. 39. Laſtly, “ if PM begins 


from nothing to increaſe for a while, until it becomes DE, and 


afterwards decreaſes till it becomes FG, and then increaſes again; 
or if it begins * from infinity to decreaſe until it becomes DE and 
afterwards increaſes till it becomes F G, and then decreaſes again, 


and fo on alternately : the Expreſſion will contain ſome Maxi- 


mums and ſome Minimums. And in the firſt caſe, the firſt D E 
Maximum again; and in the ſecond caſe, the firſt DE will be 
again, and fo alternately in both caſes, as many times as there are 
Maximums and Minimums in the Expreſſion. LID 


GENERAL PROBLEM. 


182. HE Nature of the Curve MEm, being given, to find 


: the greateſt or leaſt ſemi-ordinate D E, or which is the 
ſame thing, an Expreſſion being given, to find its Maximums and 


Minimums. 5 f 
It is evident, that when the Semi- ordinate PM becomes the 


greateſt or leaſt DE, the tangent TM, will either become parallel 


to the axis AB as in figures 121, 122, or perpendicular to the 
ſame as in figures 123, 124; and therefore the fluxion of the ab- 


ſciſs AP will be infinite with regard to the fluxion of the ſemi- 


ordinate PM, in the firſt caſe, and on the contrary, it will 
Ts | be 


al 


\% 
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be nothing with regard to the fluxion of the ſemi-ordinate in the 
ſecond. Conſequently, if the fluxion of the ſemi-ordinate PM, 
be ſuppoſed =o, you will find ſuch an Expreſſion AD for AB 
that the ſemi- ordinate DE be the greateſt or leaſt required in the FO. 123. 
firſt caſe; and if the fluxion of the abſciſs AP be ſuppoſed So,, R. 
or which is the fame thing, if the fluxion of the ſemi-ordinate 
PM is ſuppoſed infinite, the Expreſſion AD found for AP will 
determine the greateſt or leaſt ſemi-ordinate DE in the ſecond. 
WD. 
N. B. It may be obſerved 19. that ſuppoſing the ſemi-ordinate 
PM conſtant or invariable, is the ſame thing as ſuppoſing its 
fluxion equal to nothing. 29. That if the Expreſſion found by 
taking the fluxions of the variable quantities be a fraction: then 
the numerator will give a value for AP, when the tangent be- 
comes parallel to the abſciſs, and the denominator when the 
tangent becomes parallel to the ſemi-ordinate ; ſince in the firſt 
caſe the fluxion of the abſciſs Is Infinite, and in the ſecond 
that of the ſemi-ordinate. 


EXAMPLE x. 


105 3. ( O divide the line AB in leb, a manner, that the Fre, 127. 
product AB PB N =, be a Maximum. 

' Suppoſe the perpendicular DE=y, fo that y xn xa—x" be 
the Equation of the Curve AEB. Then the Fluxion * MIXX» 44 177. 


Na- nN Nn. xa i, being ſuppoſed o, and divided by 


1—1 mea 
Ku -i -= , gives mam = s, or 45. 
mu 


If u and n are any whole or broken poſitive numbers, DE 
will be always a Maximum, for if x=0, or x==a, the Equation 


W on 


N will give y=0o ; and therefore, DE * will be a, „ 181 
Maximum. And if u be negative, and leſs than m, DE will be Noe. 2. 


Wi 
always a Minimum; iner, the Equation . gives > 3 


. — wy 8 ö 1 
ha the Equation y=x%xg—x will become y=""7: and yyhen 


N * A a a R * 5 
TE AS n 9 R * * 
Fg: | . " * 8 
ey N 
5 „ 
o N 
- 


Fie, 128. 


meter Aa, T herefore the Fluxion ——— ——.. — 
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* is equal to a, or infinite, ,y will be infinite alſo; and conſe. | 
quently DE will be a Minimum. © | 
| In this. laſt caſe, the Problem may be thas d down. Con- 
tinue out the given line AB towards B, to the point D, in ſuch 


a wanner that =— AD” be a Minimum. e I 
DB" | . 


EXAMPLE II ee 


1 18s F all the Refangles PM mp, that may be in erited 
0 in a Semi-circle AM ma, to find the greateſt, 55 


"Her Aa= =20, CP=x; then will 2PCxP M=y=2x Va- 1 t 
2K , . - 
the fluxion of which, 2xv CEE i ramy „ being made =O, 
aa—xx | ec 
will give P Ni and y will be a Maximum ; fince il | 
when x, y will be O. Which ſhews 125 the arch AM, or 
a m is 45 degrees. 8 
18 F all the Colinders that may be dene, in a Sue 
7 0 to find the greateſt. M 
© Suppoling the reſt .as before, PpxPM= ga =2 -x, wil to 
be as the Cylinder deſcribed by the rotation of the rectangle pM ble 
about the diameter Aa. Therefore, the fluxion 2aax—bxxx, be- de 
ing 1 =0, will give PEV zaa. 95 


EX AM PL E IV. 


P all the Cones that ma y be inſerited in a Splre, 170 
find that whoſe convex Surface is the greateſt. 


11 is evident, that Amæpm V 2aa+2axxV aa—xx, will he 
as the Surface generated by the line Am revolving about the dia- 


ax aa—xx wxxv 2aa+2axY 16 


186. 


1 


Vaaaπ i Va- xx 
e being the 


Of FLUX1oNs. 
being =0, gives aa 2a — 3x =0, or N 
| EXAMPLE V. 
187, O PF all the Parallelepipedons, which are equal to a given 


Cube as, and have a grven Side b, to find that having the 
leaſt Surface. | Ep we ; 


Let x be one of the unknown Sides ; then 2 will be the o- 


% 


ther ; and the Sum of the alternate planes, 6 x +® 17 . 


equal to half the Surface, Therefore the fluxion * — being 
\ \ 
| =o, gives XN, 3 which is a Minimum, ſince the Expreſſion 


b T , cannot become o, but may become infinite. 


From what we have ſaid with regard to the Method of finding 


Maximums and Minimums, the Reader may eaſily perceive, how 


to apply it in any other caſe ; and as in the Collection of Pro- 


blems at the end of this Work, we give ſeveral uſeful Problems 
depending thereon, we ſhall not inſiſt any longer on it here. 


FFC 


SECTION II 
The Uſe of Fluxions in finding the Radi. of Evolution. | 
LEMMA V. 1 


188. JF the point B, moving in the radius CA, according to ſome pic. 12 


law, deſcribes any line BN whilſt the point A deſcribes 
the circular arch AM about tbe center C: then the circular Velo- 
” city, 


FRY 133 —ð̃˖˙ß—————— ů — . — — — 


® 4-1. 165. 


— 
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city of the point A at M. confidered in the direftion of the tangent, 


TM, or perpendicular to the radius CM, will be to the Velocity 


f the point B at N confidered in the direction u N perpendicular to 
the radius CM, as CM it to CN, | 


For the velocity with which the 
circular arch AM, arrives at M, is as “ the tangent TM: 
and the velocity with which the point B, deſcribing the 
Curve BN, arrives at N, is as the Tangent VN; and becauſe 


the velocity in the direction VN, is equivalent to the velo- 


cities in the directions uV, uN ; the velocity of the point B 
at N in the direction perpendicular to CN, will be as uN. 
Therefore TM: uN :: CM: CN; that is, the velocities of the 


points A, B, at M, N, conſidered in the direction perpendicular 


to CM, are as the Radii or Diſtances CM, CN, from the center 

N. B. Hereafter we ſhall always conſider the velocity of a 
oint in any place, and in the direction perpendicular to the 
line moving with an angular motion, as a circular velocity, that 


is, as the velocity with which the faid point would arrive at that 
place if moving in a circular arch, Ol 


Fie. 130. 


F16. 131. 


COROLLARY 


189. I the point C did likewiſe move according to ſome law, 
* ſo that it may deſcribe the Curve CO, whilſt the point 
B deſcribes the Curve BN, and the point A the circular arch AM: 
the circular velocity of the point A at M, will be to the circular 
velocity of the point B at N, with reſpect to the point or center 


O, as the radius OM is to the radius ON. For if the line OX 


be drawn perpendicular to CM it is evident, that the points M, N, 
will endeavour to turn about the point O only with the differences 
Tt, Vu, of their circular velocities T M, VN, to the circular ve- 
locity XO of the point O. Therefore OM: ON, or Xt: Xu 
TH $73. £5 FT | 


D ETINIT ION. 


1 F you conceive a Curve BD F, concave the ſame way, to be 


envelop d by a thread AB D F, one end of which being fix d 


al 


point A, deſcribing the 


lut 
pa 
if. 
eq 


iv 
tO. 
cel 


the 


EUR Toe 


at F, and the other A from the poſition AB of the 1 tangent at B, 
moves tightly ſo as to diſengage itſelf continually from the Curve 
BDP: the-faid end or point A of the thread, will deſcribe a Curr 
AM N, which is called an Irwvolute Curve, 


The Curve BDF, is called the Evolute of the Ours AM N, | 


or the Evolute Curve. And each of the ſtrait parts DM, F N. 
of the thread, is called the Radius of Evolution. 


Co J. 


190. \ Ecauſe the length of the thread ABD F, remains always 

- the fame ; it follows, that the part DF of the Evo- 
lute, is equal to the difference of the Radii DM, FN, which 
part from its extremities; as likewiſe DB=D M—AB. And 
if AB o, the parts BD, BDF, of the * will be 9 


equal to the correſpondent Radi. 
CoRoLlLlany II. 


19. 1. i is evident, that the Radius of Evolution, is always 


perpendicular to the deſcribing part of the Involute. 


For if the point A did continue to move uniformly, when ar- 
rived at M, with its laſt velocity, it would deſcribe a right line, 


touching the Circle deſcribed with the radius D M about the 


center D ; and becauſe it would likewiſe deſcribe a tangent to 
the * Curve AM; ; it follows, that the faid point would proceed 
in a right line Perpendicular to DM. 


b Con OI I ARA T III. 


102. Ince the ſame right line TM, may touch both the Curve 
= AM and the Circle deſcribed with the Radius DM 
about the center D ; it follows, that the velocity with which the 
point A arrives at M, deſcribing the Involute, will be equal to 
the uniform velocity, with which that point would deſcribe a 


| circular arch in the ſame time with the radius DM: and there- 


fore the Radius of Evolution DM. may be conſidered as invari- 
able as well as the point or center D, whilſt the other variable 
lines vary. 


Co R- 


* Art. 164. 


dia * 2 
E . 19 * 
5 y 3. 


The. 8 E 0 9 D' Boo K. bY 


Va. =p v4 
p ix . 2 
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Conotrany IV. 


wa the Curvatures of different! Cirdled; ied actos: 
5 cally as their Radii; it follows, that the Curvature at 


M of the Involute AM, is to the Curvature at any other point 


as N, reciprocally as the Radius of Evolution ; N is to o the Fa- 
ny of TED D M.“ 


PFluxion of the Curve A M, and K k that of the line AK; then if 
Knſbe drawn perpendicular, and kn parallel to KM, and AP=x, 


| Kak, will give K n= , for the cir cular velocity of the point 


Ari. 1 
©: AC 
Art. 189. 


| — ., «DM == 


FI C. 132. 


194. 
LY a given point M. 


& "ITE N nds IO 
K. But PM: KM: TP: TM: * Me. Therefore 


cx 
DM: DK: 
2 5 


GEA PoE M. 1 


* " | E. E Nature of the Curve AM Nur given, t fond 15 
Length DM of the Radius of Bovlution drawn from 


_ Caſe 1. Let all the Fehl ordinates PM, be de nchen to 
the line AP, and let the part Mm of the tangent, expreſs the 


P Mg, PK=7, raph Kk=9x; ; the fimilar triabgles MPR, 


n er 
48 a 
Hh N 


— * and by. diviſion DM: KM Ys 77 :- 
1 | | 


If 'the line E be drawn pope to M x kae, we 


ce 


vin ME== k and DE = 


e- 


Caſe 2. . Mie from. the 1 
point P, and draw KPT perpendicular to PM: them if Mm ex- 


preſſes the Fluxion of the Curve MN, K n (s 'y) the fluxion of 
PK, and KL perpendicular to PK, the circular velocity or flux- 
ion of the point K with reſpect to the radius P K; and if KR be 
drawn ee, and n K, LR, parallel to KM; the diffe- 


- ENCE 


—_ 


* o * 
« » 
n 
2 . 5 * 
* by et | 


"a 
74 * 
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rence ER, between KR, and Kk, will e the circular ve- 
locity or fluxion of the point K with reſpect to the radius DK. 
For becauſe the velocity in the direction PK, is retarded, whilſt 
the line DM and the right angle MPK, revolye about the points 
D and P, when the Curve MN is concave next to the point P, 
and fo. the circular velocity K L, will be likewiſe retarded : ; and 
therefore, the circular velocity Kk, muſt be ſubſtracted from 
KR in this caſe, Now * ap of the ſimilar triangles TI, | 


nk, we ſhall have Kk 5 and the radius P M will be to the 
radius PK as * the circular velocity () of the point M, is to the * Art. 18. 


circular ve KA L 'of the point K. likewiſe KM: * 4rt. 180. 
| bY | 


KP: ;KL.: KR”, and therefore 14 * 2E. B t KP: KM 


PM. N 05 Mm = and conſequently DM: DR: 5 


2 
22 223. and by compoſition DM: KM G 322 . —2 2 =99 
1 0 


or DM= Ny by If DE be drawn Perpendicular to 


of c+ rr -r 


OS WE 
: PM; en will ME cc rr — 17 ry 55 


5 : Otherwiſe.- ITS 
19 5 If ME=z wok then the ſimilar rnnglesTPM, MED, F 1 0. 131; 


+ 7 


| will give DM= == and becauſe the Radius of Evolution DM, 


x 
| may be confdered 3 as * invariable, by king x as-conſtant, the Art 175 = 
| —VZ | * 2 
: Fluxion * „ Will be ag. Therefore 8 ah Figure 


337, .becad(e” y= Z. And in figure 132, PT (ﬆ): PM ( M 
05 DEZ and the radius PM is to the radius Ft as the cir- 


% 
Aa | cular 


. 
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cCular velocity (ﬆ) of the point M, is to the circular velocity of 


the point E or Fluxion of DE: and becauſe the ſides of the 
* At. 1 79. right Wy 8 are reciprocally as & their fluxions; it will be 


CT K DECT Edo the Fluxion of PE; and fo 22 — 27. | 


C, J. 


Conſequently ſubſtituting for 2, its value into v +vz= 0, it 


will become ME N. W. W. D. 
- ο 


CoRoLLARY, 


1506. Ecauſe, TP (*) : TM (v) : P (0 KM (e) or b 


516. 131. 'S, 3 whoſe fluxion will be v = * or if H, 
E 5 5. je , and dee for v, —, their values, into 
= 
ME=——> 5 = 


the fluxion of which cemcty rg. Y, or if; r=), will give 


rr -u, 


2 2. Therefore ME=- 3 becauſe ce— y=rr; and 


vnn 
3 


By determining the quantity, 9, Sor 7, by the 1 of the E- 


quation of the Curve, the Radius of Evolution will be deter- 


An. 180. mined; and ſince * xr=yy, the Equation of the Curve being 
given, the value of may be found, and conſequently that of 

$, Or F. 

1 As the Radius of Evolution DM has but one value, fo has 
the Curve AMN but one Evolute BDF. 

N. B. In the Curves, where the tangent at the vertex is per- 
pendicular to the axis, if the point M coincides. with the vertex 
A: it is evident, that the Radius of Evolution DM becomes = = 
KM=to PK r in * point. 


Fie. 131. 


Cor 


1 


2 
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EXAMPLE I 
197. 1 AM be the Conic-Parabola and 2pxz=yy, its E- Fre. 133. 


quation ; whoſe fluxion px =, gives r= þ=L there- 

W810 3 
fore / o, and *5=0, and fo DE (=—=—)= © =p+2x, be- 
cauſe cc=2fx+pp, and par. wy = Ky 3 

In order to find the nature of the Evolute BD; draw DF (z) 
perpendicular to AP: then becauſe, when the point M coincides 
with the vertex A, MK becomes AB Sr; and if BF, 
we ſhall have AP+(DE) PF =p+ 3x, AF=AB==u=3x, and 
DE—PK=FK=2x. Therefore PK:PM::KF;DF=z2= 
=" 2þr, or pa Bx, and 27h = du, becauſe n zx. 


P 


EXAMPLE II. 


198.1 ET MN be an equilateral Hyperbola, and 1==xy, its p 3 
: L Equation with reſpect to the Aſymptotes ; whoſe TI 


Fluxion x ) xo, gives — r, and — 37 Sry, „ ak, 

8 | of : 00 

or —3yy=s. Therefore DE == I becauſe — ); r. 

| Conſequently, if PF=#KT, the perpendicular FD to CP, will 

determine the Radius of Evolution required: Since =» P K: K M: 

KT: The negative Value —5 - of DE, ſhews that the point D 
falls on the contrary fide of the point M with reſpect to the 
point K. : „„ à—- 


= 


EXAMPLE III. 


W 199. ET x= be the Equation, which is that of all kinds Fig. 133, 
_ . of Parabola's, when m is poſitive, or of all kinds of LT 
| Hyperbola's, when m is negative; whoſe Fluxion xa=myy"—", 
3 cans gives 
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* At. 196. gives r= y__ and 1 5 = rh, or 9 e 


1 


e becauſe r = 20 —5. Conſequently 


© PF =— Kr. 1 8 "oh FD to PK, will determine 
* Wanne of Evolution DM required. 


EXAMPLE IV. 
ET the Curve _ be an Ellipſis or Hyperbola, whole 


"09; 
FI . 13c, | EO | 

136. 6 | Equation is * 75 —yy=aa—uu ; then will PR=7= 

* J. 19 *% ST 

| 22 1 194. 2. and TE > and ſo *® Ju fte, Or 1g. 
T herefore DN a 33 — . becauſe c- 

e eee „„ 

=r rr Mie and & 2 —Y= b th n if DM be 


taken a fourth conidia proportional to the ſemi-parameter 2 
and KM (c); the point D will be in the Evolute. 
When the point M coincides with the vertex A, DM will be- 


come =AB = L = =, becauſe a then becomes z and when 
in the Ellipſis, the point M coincides with the vertex b of the {- 


l. 21. cond axis, DM will become! = _ 7 


EXAMPLE V. 


N Lr AM be the Logarithmical Curve, whoſe property 
1 is ſuch, that drawing any perpendicular PM (0) to 
its alymptote FK, and a tangent MT, the N PT (4) 


3 Jy 
II's will be always given. Therefore 7 == _ , and 1 2 and DE 


CC CC 
——) — 8 —2 
—7 0 
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Of FrUXioNs. 
EXAMPLE VL 


202. ET PF M be the Logarithmical S iral, whoſe pro 
J- is ſuch, that the angle TMP, Kar by oe Property 

and ſemi-ordinate, is always given. 

Through the Pole P draw TK perpendicular to PM : then 

becauſe the angles of the right angled triangle MPK, are given, 

the ratio of the ſides PM, PK, will be given alſo. Therefore, if 


Fe. we ſhall have rn, or n; and DM 
ber er ern =c=MK. 


E. X A V p L E VII. 
203. LI T PEM be one Spiral of an infinite number formed 


F. 138. 


in the circular Sector PANB, and of ſuch a nature, 5 


that the radius PN” (1) be to its part PM” (y”) terminated by 
the Spiral, as the whole arch ANB (a) is to the part AN (s) ter- 
minated by that radius, 

Therefore ay” =z will be its W and becauſe the ra- 


dius PN is to the radius PM, as * the circular velocity z of the point . 4, 183. 


N isto the circular velocity & of the point M; we ſhall have =. 
and ſubſtituting for z its value, into the fluxion mayyn—1 , of 
the Equation ayn x, it will become mayy n . Therefore 


PR — I ym, and fo + 5 rh, or 3 


Ma MS ma 


, = FR 3 an ME (= = my +m+ 0 5 bh | 


3 Conſequently, if TP4a+1PK: TK:: PM: 
ME; the perpendicular ED to PM, will determine the Radius ; 


of Evolution DM required. 


94 
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EXAMPLE VII. 


204. ET PFMB, be the reciprocal Spiral, with ſuch a 
Property, that the Product of any arch AN (2), of 
a Circle deſcribed with the pole P as a center, and 


terminated by the radius PN and the firſt radius PA, multiplied 


into the part PM 0) of that radius terminated by the Spiral, be 


* Art. 188. 


Fic. 141, 
142. 


always given. 


the given ratio of m to n: the Curve KLH, which touches all 


Let the arch AB, terminated by the firſt radius PA and 
by the Spiral, be n, and PN Da; then will an = B; and 
becauſe the radius PN is to the radius PM, as the circular velo- 
city of the point N, is to“ the circular velocity x of the point 


M; we ſhall have =ax; and ſubſtituting for, its value 


into the Fluxio 7 of the Equation an y, it will be- 


— 


888 3 F 5 
come ny = 5 3. and fo r band r == or - . There- 
5 . . 
fore ME eee , becauſe r= and cc rr Sy. 


TFCFFCFCC 
„ TION If: 


The Uſe of Fluxions in finding of Couſticls by Re fracti- 
on and by Reſlectioss # Ns 


DzZz#1N1T10N. 


F the directions of an infinite number of Rays FA, FM, 
all iſſuing from the ſame luminous Point F, be altered after 
their concurrence with a Curve AMN, either nearer or farther | 
from the perpendicular DM to it; and if the law of alteration be 
continually ſuch, that the Sine DE of the angle of incidence 
DME, be to the Sine DB, of the angle of refraction DM, in 


the 


Of FLUX1oNS. 95 


the broken or refracted Rays, or their continuations AH, ML, 
is calld the Cauſticꝶ by Nefractios. 


„„ LL ARY 


205 JF the Cauſtick L H, be taken as an Evolute, and the P. 147 
Lis Involute A Q be deſcribed from the beginning at A: 
then if from the center F, the circular arch AP be deſcribed, the 
line QL plus the part LH of the Cauſtick, will be always *= . 190. 
AH: and if the part Mm, of the tangent at M expreſſes the Flux- 
ion of the Curve AM, and M, Mg, are drawn perpendicular, 
and my, ing parallel to the incident and refracted Rays FM, ML; 
Im will expreis the Fluxion of PM (FM - FA) and mg the» 2 164. 


| Fluxion of QM (AH—MLH). Now becauſe of the ſimilar 


| triangles Mym, MED, and Mm, MBD, we {hall have fm: 
DE:: Mm: DM; and gm: DB:: Mm: DM; ex @quo, fm: gm: 
DE: DB:: : n. Therefore the fluent PM of the fluxion /m, 
will be to the fluent QM of the fluxion gm, as m2 is to u, or 
55 PM=QM=AH—LH—LM. Hence we get HL=AH— 


LM—- PM, 2 8 
There are ſeveral Caſes according as the incident Ray FA is p;c , 12 

greater or leſs than FM, and the refracted Ray AH, wraps about 

or unwraps itſelf from the part HL of the Cauſtick; but it may 

be proved as already, that the Difference between the incident 

Rays, is always to the Difference of the refracted Rays plus the 

hart of the Cauſtick between thoſe Rays, as m to n. 

If the luminous Point F removes at an infinite diſtance from 

the Curve AM, that is, it the incident Rays FA, FM, become 
parallel; we ſhall till have LH AH ML PM 


oe 
GENERAL PROBLEM. 


206 FT HE Nature of the Curve AM and the luminous Point pic. 147. 
1 F being given, to determine the Length ML of the re- 

fracted Ray drawn from a given point. 

Let 


The SECOND Book. 
Let DM be the Radius of Evolution, and MES a, MBB, 
F Mf=sx ; then becauſe of the Similar triangles, ME : MB:: 


bx 
MI Mg=-; and the radius FM will be to the radius FE 6 5 


as the circular N MF of the point M is to the circular velo- 


5 --xa 


city N , or fluxion of DE, which is to the fuxion Bb 


ax 


of DB, as m to u, that is Bb= 2 — , But the radius LM, : 


my 
is to the radius LB, as the circular velocity Mg of the point M is 


to the circular velocity Bb of the point B, and by diviſion LM: 


BM (0) r - _ „ . 


3 . bmy—any—aan 
"my the following Conſtruction. 


Make the angle EDC equal to the angle BDM, andi in the in- 


cident Ray FM, take MK== ; then if CK: CE:: MB: ML, 
the point L will be in the Cauſtick by refration. For by rea- 


bm 


fon of the Similar triangles, DB: DE :: n: m¹ẽ MB: CE rh 


bm—an 


and fs CE—ME = =CM =- ; and CM — MK = - OK = 5 


e 
1 Therefore CK: CE::MB: I _ 


5 my any aan 
When G Dae), is negative, LM will be ſo likewiſe, 


75 
Whence it follows, that when the point M falls between the 
points B, L, the point C will fall between the points K, E. 


If the luminous Point F be next to E, or, which is the fame, | 


if the Curve AM be concave next to F; then y will be changed 


_ bbomy 
San poſitive to negative, and conſequently LM = 7 


— bmy—any+aan. 


in this caſe, and the Conſtruction will be the ſame. _ 
If y be ſuppoſed to be infinite, that is, if the incident Rays 
FM, 


— which 


1 11 — 


24 


07 F Ul 


FM, 2. are parallel between themſelves ; then will LM = 
„ 


Iny — any? becauſe aan=0, with reſpect to my, any. And ſince 


aa 
MK (0e vaniſhes, we need only make CM: CE:: MB: LM. 


If the Radius of Evolution DM be always infinite, that is, if the _ 
Curve AM becomes a right line; then ME (a) and MB (b) wm 


bbm * a1 


be 13 nbaite, and LM = . Therefore if > lie 
aan * 


the reſt of the Conſtruction will be the dne as s before. 


COROLLARY. 


207. = the point E falls on the other Side of DM with re. Fc. 142, 
peat to the point B, and DE=DB: then will n n, 


and LN r ww | becauſe a is . negative and =: And 


the Curve LH is call'd the Cauflick by Reflection in this Caſe. = 
If FM (y) be infinite, that is, if the incident Rays are parallel 
between e een then will LMS = ME: becauſe à is 
So, with reſpe& to y. It is evident, that if any two of the 
points F, D, L, are given, the third wi 11 be given alſo. 


EXAMPLE 1. 


ET the Curve AM be the common Parabola, and the be 
luminous Point F its focus; then it is manifeſt, that 
all the =<flected Rays LM, will be parallel to the axis AF, there- 


fore LM= . 2. will be infinite, and ſo a= 2. Conſequent- 


| ly, if ME 2M, the perpendicular ED to ME, will determine 
the Radins of Evolution MD. 


20 8.1 144. 


EXAMPLE Il. 


209. ET "a Curve AM be an Ellipſis, and the 8 Fic, 145 
1 Point F one of its foci; then all the reffected 
"Ce Rays 
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Rays LM will paſs thro the other focus . Therefore, if 


2 5 


Curve AM be an Hyberbola, and the luminous Point F one of 
its foci: then the reflected Rays LM, produced at the other Side 
F 10. 146, of the Curve, will all ** thro the other focus /, and therefore z 


Mf=z= — 22 we ſhall have ME ag But if the 


will be negative, that is —2 = „or ME % = — . Con- 


— a2 - 


ſequently, if in both Caſes, ME be taken a fourth proportional 


4. 11. to half the firſt : axis ® Aa 62 ade to the incident and reflected 


Rays, the perpendicular ED ya ME, will determine the Radius 
of Evolution DM. 


PROBLEM. 


"Vin. x97. 00 1 417 E Curve HL and the luminous Point F hs given, 


to find a Curve AM, whereof HL may be the Cauſtick 

by Riots,” HO: 
From the luminous Point F draw a tangent FH to HL, in 
which take the point A as one of the Curve fought, and in any 


refraQed Ray as LM, take LK= "FA+AH—LH, and join the 


points F, K: then if Km = u, m/=m; the line FM, drawn pa- 
rallel to n, will determine the point M of the 15 required. 


For Km (n): mf (Gn) : KM: FM, or KM= _ FM, and 
(KM+LM=)” FM+LM(=LK)=" FA+ AH —LH, by 


Suppoſition. Therefore (AM a=) PM=AH—LH= 


An. 205. LM. Conſequently the Curve * AM thus deſcribed, will be that 
required, V. V. D. 

Fic. 148, If the incident Rays FM, are parallel between themſelves; take 
-  EK=AH—LH, Km n, and from the point m, draw m 7 pa- 
krallel to AH and n; then if the line drawn thro' the points K 
inter- 


212 0 2 


Pe 
7 
7 
tl 


Of F102 rows: 


interſects the line AP perpendicular to AH in P, the interſection 
of the line PM parallel to AH, and the refracted Ray LK, will 
be a point of the Curve required. For mf (m): Km ():: PM: 


—PM= KM, and (XM LM K PM +LM =AH 
: —LH, or 'PM= AH—LH—LM. £ | 


C0 % 1 4 7 


211. 1 T is evident, that the Curve AM changes, according as gie. 
the point A is taken farther from or nearer to the lumi- ww” 

nous Point F, "Docks the value of the line LK changes. There- 

fore the Curve HL may be the Cauſtick by” refraction of an > 


nite number of Curves, 


PROBLEM. 


curve AM and the luminous Point F being given, to find Pr 6. 149; 
another Curve BN, which Hall refratt all the Rays 


MN, ſo as to paſs thro a given Point D: 
It is evident, that if the point D be conſidered as the 8 


Point of the Curve BN, which refracts the incident Rays DN, ſo 
as to coincide with the refracted Rays LM of the Curve AM I 
then the Curve HL will be the Cauſtick by refraction to both; 
and if from the centers F, D, the circular arches AP, BQ, are 


deſcribed, we ſhall bave PM= =AH —LH—LM, and = QN= 


BH—LH—LN; and ſubtring * laſt Equation on 5 
firſt, their difference will be, PM — — QN = =AB—MN, be- 


cauſe AH—BH=AB, and LM—LN MN. Therefore, if the 
point B be taken as one of the Curve ſought, and MK be = 


1 PM-+ *BD—AB+2MN: then if the point N be found, as in 
the preceding Problem, ſuch that NK =—ND ; it will be one of 
the 


212. 


— 
2 


8 L ” y . p * * . J * : $ I * F . as - 7 * . m 
: $ 4+ * - . 8" | "0 : — 23 : : 
0 . be 0 . 17 
e N * ü r 5 
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* 


Tie 8 B CO N. D Book.” | 


the Curve required, For (NK+MN= MK)” ND — MN = 


„ DAB Ce. or 2PM—2 5 MN, 
fince ND—BD=QQN.. W. 1. B. 


If the incident Rays FM of the given Curve AM, are parallel 


between themſelves, the Conſtruction will be the ame: and if 


the incident Rays DN of the Curve ſought, are S to each 
other; then if MK =" PM—AB+2MN, and NK = „ the 


Point N will be in the Curve required. For (NK+ MN=MK) 
—QN+MN=- "PM—AB+2MN, or” 1 PM—- W= = AB— 
MN. 
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Of FLUE NTS. 


| np au 
S ECT IO N I. 


T H E Method of finding Fluents, is che inverſe of that of 
finding Fluxions, 4 For ru fluent of am, /is ology 


m1 


— Xe + * ; that” 85 y 


that of a = is 


2 I 


ny ö 
pA, 1 1s 271m; and that of my W "A , 18 2, ; Since 


the fluxions of theſe fluents?, are the very lame as thoſe propoſed, * 
From whence v we deduce the following 


General Rules for finding FLUENTS. 
* 13 


213. F an Expreſiioa as ar, the exponent mM being any 
number. 


Inflead of the fluxion (8) add unity to the exponent (m) and divide | 
the Expreſſion by the Exponent (n-＋- 1) thus increaſed: then the quoti- 
ent e will be the fluent required. 


„ . Wt 


OY . 
W 
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FP 
aL 


214 OF an Expreſſioh as dea -, in which the 


quantity d#2%= without the Vinculum, is to the fluxion of the 
quantity under the Vinculum, in a given ratio. 


Add unity to the Exponent m of the Vinculum, and divide the 


' Expreſſion by the product of that Exponent (m+1) thus increaſed, 


fluent required. 


multiplied by the Fluxion of the quantity under the Vinculum 


(122%): then the quotient — - Ne T T* 1 will be the 


III. 


215. OF an Expreſſion as m2"gy"=1 y -i, containing two 


© Sr, 2136. | | 
a” which multiplies the fluxion, as conflant © then the Sum dividd 
by the number of Terms, will be the fluent required; vin 


LTE ae. 


Al. 214. 


variable quantities, 2. y, each of them multiplied by the fluxion 


of the other, and affected with the {ame Signs; the exponent: 
u, m, may expreſs any numbers. 9 8 . 
Find the fluent of each variable quantity*, confidering the other 


4. 


216. LI Enee, thefluent of /n Art, is U e; tha 


| n is 2 2; that of xy aa+xt 


„ 4 1 W 8 — a E | * TH „ 
=NXXXaa+ xx* 318 : xaa+ XX 3 that of Ne | -M Naa -U 1. 
0 5 | , . 1 ö 2 ga- . - 4 


5 1 | R DE oe Re 3 P 4 4 — — 
Is Yaa— x; that of xxv aa+xx=KXxaa+xx.3 » 18  xaa+ xx 7 


#1. 213. 


and that of aaX—axx#—xx3, 1s da. d. - Ns. 


Of FLUENT S. 


21% „g 4775 m to be any politive or negative broken number, to 
the Cafes wherein the Fluent of an Expr aſion as dex 4 


e,, may be found in a finite number of terms. 
Caſe I, If we en n W ef; then 


1 ve "I 
will 3 ; and extracting the 1 root a2 * 
TY 7 Fes 
— 7 
PS Y —e * 5 De 

whoſe fluxion is E. N ae 22 — 


— 


to the 7 power, we aal havezy = 2 ; 


ralues thus found of 25 £ 6 + fon into the former Expreſſion, it ; 


will become * ä | Therkore when — a 


is a whole poſitive naar the nent of this laſt fon: 1 


to the fluxion propoſed, will be found in = terms, For by the 
nature of powers, the binomial v—e elevated to the power 


* 
* will contain as * terms Plus one, as that Exponent 


contains units. | 


e. 


Caſe 2. Let —— =; then will Hf v u, or . 
_ ; | 
* 


. whole fluxien is; 
(er 


— — 
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'L 5: 
n . to th 
& = —, 1; and ele 1 ewe. 
r r 8 9 4 to the rpow- 
| * \ 
er, it neee and if we add e to each Side of the 
9 — 


Equation, fn it will become Are ee 6 ID. 3 = 


ey C Therefore if the values of 22”, e+ fe” "are ſubſtituted 
5 ＋ 


„Lien 
. 
1 
1 ov? 82 
in the given Ws we ſhall have gd Ri, 1 


Conſequently when Aris a whole negative number, the 
binomial v—f will come into the numerator, and fo the fluent 


„ cas 
will be found in —.— terms. ye 


CoRroLLARY 


218, T 2 or 7=51—1, the Expreſſion deze L 


will Letvine 4 Ixe+f2” therefore when 51s a whole po- 
fitive number, the fluent of that Expreſſion may be found in a fi- 
nite number of terms; for * 701 feu, it may be changed 


% 


into this other, , 5 FN, which being elevated to $—I pow- 
er, its fluent will be found by rule firſt in 3 terms. And if 


— 1 Tum , or r tum 1; ; the Expreſſion dare fer” 
7 


will become dear xe+ 555 the fluent of which 2 
oun 
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found, when f is a whole negative number; Since if £ 5 20 


| . 2 . @ 7 | Et 
that expreſſion may be changed into this other, a Sve „n 


whoſe fluent will be found i in F terms, as will appear by the fol- 
Jowing examples. 
N. B. When is a whole | negative, or f a whole poſitive num- 


ber; the fluent of dex xe E= D- may be reduced to the Quadra- 
ture of the n as will be ſhewn hereafter, 


EXAMPLE 1. 


219. 1 Ar V= vx, be a POOR propoſed : 1 Will 


dl, n=2, 3=51—1, or $=2, Therefore, if 42. 
ur , that Expreſſion may be changed into "tis other | vur 


nn 1224 — 83 
V- aa, e fluent will be * 5 * X v ,or 3 — va u 4. 213: 


becauſe aa as 


EXAMPLE II. 


220. ET 4 e aa Ts be a fuxion prope then wal 


Thi, if eber, v; that Expreſſion will be changed into 


** 
eo | 3 | 
v JC 
this 3 ——, Whoſe fluent will be- 22 2 
— 135 34a 34 


N. B. It may be proper here to obſerve, that becauſe the j invari- 
able quantities, have no fluxions, it is ſome times required to add 
to, or ſubſtract from, the F luents found by the preceding rules, 
me conſtant quantity, in order to make them compleat; bot as 

E e ere 


7 _ 


1+az+b32+ Se. 


duced into an infinite Series by a — diviſion, gives -N 


the ſame power; we ſhall have the n TAG mea, 


222. Ence, if the Binomaal, inſtead of being 1+2", 


Hasen-. &c. Or if Azz „B Cz==B 171 D= FE 
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there is no general rule for determining that quantity, we refer 
the G to the Examples hereafter. 


PROBLEM II. 


221. 10 elevate the Binomial 1+2z to any power n poſitive 


or negative, whole or broken. 


Let” IFS=1 Ter bas ten- Ge the flurion of which di- 


vided by 25 will give LET aba H yen + Sc: this laſt 


7s 


Equation being dvided by the firſt, we ſhall 8 


1＋ 2 
a+2bz+ 3caz＋ Ge. And each fide of this Equation being re- 


+ m22—&c. =a+2b—aaz+3c—3ab +a" * c. Now if 
we compare the terms of this equation, in which > is elevated to 


M—1 


3 _ n—1 mM—2 
3ab—a3+m== 75 jon Dm Nr rs” Con- 
quently, ſubſtituting inſtead of a, b, c, their values into the firſt 


M M1 


Equation, it will become IF2=1 +=2+ 1* = 


. . e Sc. W. W. D. 
2 VV 


co An J. 


e 


24 +fen, we ſhall 2 met Sa w_ 


M-—I 8 


3 


i * 4 4 8 2 4 ei +4 $6 2 * * C i e ed n * 1 * 
by a ny n 3 „ * c r * n "FF ad 1 W 2 
n e a r n A * ITY K L + plats ANG 
09 e Fo ET LL SES nl rb R a * 5 N ; 2 OY K * * 
& * 1 , 1 "i; . by *. * 8 
* 


* 
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| RD ve ſhall have e = en x into 1 + Amf2*"+B 
2 Fx =} 2 +, Ge. 
C 


CoRoLLARrRYy II. 

= © :* H Ence, we have likewiſe a general Form, for ele- 
6 Shag vating any Multinomial, as a LY + cyy + &c. 
to any Power m, in a very conciſe manner, For by ſuppoſing 
its firſt Term @ equal to the firſt Term e, of the Binomial H 
ud the reſt y- S d ＋ &c. equal to the ſecond fz* ; 
and ſubſtituting for f'z* and its Powers, TS ＋ &c. 


» ind its Powers, into the Series e® xinto 1--Amfe* 4B 
far bn I 2%" + &c. the above general Form will be 


a, ¶ accommodated for elevating a Multinomial} to any Power m. 
The Reaſon of which is manifeſt ; for, if inſtead of the ſecond 
Term r, of a Binomial 1 -, elevated to any whole Power, 
(ſuppoſe to the Square, 1+27-77) you ſubſtitute any Number 
of Quantities a ＋ e &c. you will have that Power of the 
Quantities 1+@-+6, + &c. and as the ſame Rule ſerves * for e- 
lating a Binomial to any power; fo will this be true in any 
other Caſe, as will appear by the following Examples. | 


EXAMPLE I. 


224. To find the ſquare Root of aa-rbx+xx. Suppoſe mi, 
Sa, J =bx xx ; Then will A =— B 2; C=—=, 


vas 30 3 3 . 
— D= —I E = — . Sc. and à x into 1-7, Ax bx-pax — 
-2 1 Br A C — c. will be the Root required. 


, 1 * 


108 


ur the properties of Powers, if the coefficient of the firſt tern 


n r 
6 , , p * r OO OPT ; - 
, AO On 9 D . i 3 3 A A r 
RRR 5 R S * 1 
F 
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EXAMPLE II. 


25. T O reduce the fraction aa Is PAE aa , Nx 
into an infinite Series. Suppoſe m=—1, e=aa, 1 =bx—xx, 
| 5 A B C _— 


then will A= 55 C —＋πτ⏑ D . E= 24, c. 


aa aa _@. 


a 


and —x into i—AxhzTux—Bxbx-Lan — Cxbxbax — „ Ee. 
- will be the Series required. 8 1 


2 | SCHOLIU M. 


of a Binomial elevated to any whole power be unity; that 
of the ſecond will expreſs the Sum of the Roots; that of tit 
third, the Sum of all the Reflangles made of thoſe Roots; that of 
the fourth, the Sum of all the Parallelepipedons ; that of the fifth, 
the Sum of all the Products of the Roots taken by four and four at « 


NN 


time, and ſo on. Therefore, if m Number of different Things as «, 


expreſs the Number of times, that thoſe Things may be taken by 2 

„% © OS. CHE. 3 

and 2 at a time; 1 Xx * the Number f times they may lt 
m m— 1 M2 mM: 


be taken by 3 and 33 „ a the Number of 


b, c, d, &c. are confidered as thoſe Roots ; then . 


2 


times they may be taken by 4 and 4; and ſo on. For Inſtance, if 


„ 0 m— / 
mr; then will TXT 135, be the Number of times that 


Mm M=-—I m1-—2 


6 Things may be taken by 2 and 2 at a time differently ; if n=, 
then will r 


2 * 50, be the Number of times that 8 


Things may be taken by 3 and 3 differently ; and if m=4 ; thi 


Of FrunnTs. 

mm M—T 2 
will — x e be the Number of times that 4 Things 
a, b, c, d, may be taken by 3 and differently, viz. abc, abd, acd, 


bcd. From rom h hence may likewiſe be deduced in a very ſhort manner, 
that mxem—1, expreſſes the Number of different Poſition, of m dif- 
ferent Things a, b, c, &c. taken by 2 and 2; and mxm—1*m—2, 

the Ni ra of di iffere ent Poſitions of m di ferent Things, taken by | 

3 and 3; and mxM—1 * * m—7x &c. continued to m Fadtors, 

the Number of aifferent Poſitions of m different T, Things taken m 
and m. For Example, if m=2 ; then will mxm—1 2, be the 
Number of di ferent Pofitions of two different Things as 40 4, b, taken == 
by 2 and 2, viz. ab, ba: if mz; then will MXM—T =6, be * 
lle Number of different Pofitions of — different Things, a, k 7, . 
taken by 2 . 2, viz. ab, ac, be, ba, ca, ch, and * on. 


2 4 * p 


S "OE ol 


PROBLEM. UI. 


6. * 
A 'T 0 e the Float 1 a Binomial, as der wife 
by an infinite Series. 


Bicapſs . = ex into Anf. L Fr + 


n 25 xe, if this Serich be multiplied by lar, and | the 


fluent of each term be found ®, we ſhall have dem 27x into + . 213. 


22 * ＋ 87 ra _ HE Conf? — &c. for the fluent 
r . 
* and A=; > „ BA 7 C= 1 — DC 


2 
D 5 „& 
3 


The Law of this Series being known, it may 3 continued at 
eaſure to any Number of Terms, and may ſerve as a general 
form for all Binomial Expreſſions as will appear by the fol- 
wing „ 

Ff EX 


4110 
A 8 4 : 
* 


227 


- TY ex=1; ; we ſhall have d&z— xe-J jg = Xx I 


Then if v we hppa Wx, rl, —1 of: ag a na, 21 


e=13 we 8 have s E N * andyxinw 3+ 


A 2 ＋ CA Y ＋ Ce; for the fluent 
N required; So, A=r, 1 — A, C=—ZB, D=—;C, E=z 
D, &c. or ſubſtituting for A, B, C, D, Se. their values; 


the fluent will become this, HEE +355 70 + 14 


Terms af the Series, muſt always be greater than their Numera- 


for the greater accuracy, more Terms than we have given, are re- 
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EXAMPLE I. 


E T x, or Reer „I b be the D 1 propo- 
ſed: Then if we ſuppoſe z x, 11 =, d=1, m=* 
2 25 


3 . 


Therefore A=1, B= 2A, C +B,D=—3C, E=— 2D, 


Ge. and x2 x into 3— f A 75 Baxb+ 5 773 Ox — — 777 Dut 
+ os 1 be the fluent required, 


EXAMPLE: II. 


N 


* — 


%, G. 
N. B. It is to be bored *. that the 3 of the 


tors; otherwiſe the Series will diverge, and therefore not approach 


nearer and nearer, to the true Value of the fluent required, 2.“ 
that the Law of the Series is here always known, fo that when 


3 theſe Series may be continued at pleaſure. 


FUE 


e eee eee e e b b 8h 


SECTION II. 


111 


The Uſe of Flux: ons in finding the Expreſſions of Areas, | 


Su faces and Solids, together with the Rettification 


of Curve-lanes. 

| GENERAL PROBLEM. 
399. 70 O find the Fluxions of Areas, Surfaces and Solids, 
Suppoſe that the Semi-ordinate PM, perpendicular to the Axis 


AP, or the Surface deſcribed by that Semi-ordinate in the rota- 
figure AMP about the Axis AP, moves from the 


tion of the 


F o. rg 


beginning at A along the line AP, with a continued Motion ae- 
cording to ſome Law ; then the fluxion of the figure gene- 


rated by that Motion, will be equal to the product of the gene- 
rating quantity PM, multiplied by the Fluxion of the Abſeiſs 
AP. For the _ of Velocity _ — any part of that 
Figure is generated, in a given time, will be always: proportional, 
os Sum of the Products of each Partiele of the generating 
antity, multiplied by its Velocity in that Place; and becauſe 
Veſocities of each of the particles, are here equal by Suppoſi- 
tion, that is, equal to the fluxion of the abſciſs AP; it follows 


that the Product of the whole generating quantity PM multi- 
plied by the common Velocity or fluxion of AP, will be the 


Fluxion require. 
In the ſame manner may be proved, that the Fluxion of the 


Convex Surface of the Solid, is equal to the Product of the ge- 


nerating circumference (whoſe Radius 1s PM) multiplied by the 


fluxion of the arch AM. For if you imagine another Curvi- 


linear figure whoſe correſpondent abſcifſes and ſemi-ordinates, are 


always equal to the arch AM and the generating circumference :- 
then the conſequence will be, that the Area of that figure, will. 
be always equal to the Surface deſcribed; and therefore its fluxion 
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| (which is equal to the Product of the ſemi-ordinate multiplied by 


the fluxion of the Abſciſs, or equal to the product of the gene- 
rating Circumference, gi pip by the fluxion of the Arch AM 
by ſuppoſition) will be equal to the Fluxion required, FR 

Likewiſe, if the Figure AMP, be ſuppoſed to revolve about 
the line CB, drawn from a given point C perpendicular to AP, 
produced if neceſſary, as an axis; then the Product of the Sur- 


face deſcribed by PM, in that rotation, multiplied by the fluxion 


of the abſciſs CP, will be the Fluxion of the Solid generated by 


the figure AMP: and if the line MQ pe drawn perpendicular 


* Art. 188. 


to CB; the Product of the Surface, generated by the line QM 
about the axis CB, multiplied by the Fluxion of the abſciſs CQ, 
will be the Fluxion of the Solid generated by the outward ſpace 
CAMQ-: and laſtly, the Product of the circumference deſcribed 
by the point M, in that rotation, multiplied by the fluxion of 
the arch AM, will be the Fluxion of the Surface of thoſe Solids. 

If the right line AM continually terminated by the Curve 
AM, be imagined to revolve about the vertex A as a center, with 
an uniform motion ; then the Fluxion of the Area AM A, gene- 


rated by AM in that motion, will be equal to the Product of the 
generating line AM, multiplied by half the circular velocity of 
the point M. For the velocity of each particle of the line A M, 


is always“ as its diſtance from the center A; and therefore the 
Velocities of all the particles will be to each other, as the Terms 
of an arithmetical Progreſſion: Conſequently the mean Velocity 
(which is equal to half the Velocity of the point M) being mul- 


tiplied by the generating line, will be equal to the Sum of all the 


Products of the particles, each of them multiplied by its Velocity, 
that is, equal to the Fluxion of the ſpace AMA. . M. D. 


CoOROLLALY L 


230. F AP=EM=x, PM=CQ =y, CP=x; then 
| will y be the Fluxion of the Area AMP; and by the 
fame reaſon xy, will be the Fluxion of the Area AEM : and be- 
cauſe the line AC or QE is conſtant, the Fluxion of the rect- 
angle AQ will be = Q Exy=#uy - xy; and therefore the 
Fluxion of the ſpace CAMQ will be equal to uyy—xy-+ xy=uy. 
| | | ; S OR, 


L e 4 ö . ia * c n „ „* : * 
* ä W "IT FE * R 3 e n 6 * N p 
V FEOF LY l . $US * Ca 8 N EFF N 
HS ran OY Os IL" MEET 0 Wimme ee Ces ho 
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COo ROL LAR Y II. 


231. F the part MN of the Taigent at M, expreſſes the 

Fluxion of the arch AM, and if the lines Ns, Nm, 
are drawn perpendicular to AM and PM produced ; ; then NS 
will be the Fluxion or circular Velocity of the point M, with 


reſpect to the radius AM, and Mm, mN, the Fluxions of the * « 4 


ſemi-ordinate PM and of the abſciſs AP. Now if the line Nm 
interſects the line AM in n; the ſimilar triangles MP A, Mmn, 


* 


Nns, will give 1. PM: PA: : Mm: ma = 7 or 1 


& . 20. AM: PM:: Nn: Ns, or AM Ns (SPM 


4 
xNn) S — x9, Therefore, 2 will be the Fluxion of 
the Segment AMA. . 


It is evident, that the difference between the Fluxions y x, 


. of the Space AMP, and of the triangle AMP, will 


be equal to the fame Fluxion. 


CoroLLARY IM, 


154, 


1689. 


232. F from the center C of an Ellipſis or Hyperbola, the ps. 1637 
FF, line CM be drawn at pleaſure, and from its interſeion 1 __ 


M with the Curve, the ſemi-ordinate MQ to the ſecond 
axis CB : then if CP=Q M=, PM=C 4 ; the Fluxion 
| of the ſpace CAMQ will be u, and that of the triangle CQM 


(< 7) w in be 2 and therefore their In 33 
will be the Fluxion of the ScQor C AM. 


114 


Fe. 150. 


radius is PM, and 2 the Area of its circle. Therefore. 


234. 


£265 


235. F the Fluxion of the arch AM be d; then will of Buy 
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233. 1** E 3 - expreſſes the cotiſhant ratio of the Radius to its Cir- 


curference ; then will 12 be the circumference whoſe 


C 25 


will be the Fluxion of the Solid, generated by the rotation T the 


Space AMP about the Axis AP; and by the tame reaſon cy 


will be the Fluxion of the Solid, generated by the rotation of the 
outward 85 CAM Q about the axis CB. 


=. o R O 1 * AR „ 


Ecauſe —. expreſſes the Cylindric Surface, deſcribed 
” DF. the rotaticn of the line PM about the axis CB; 


will be the Fluxion of the Solid 1 by — rotation 
of 1 ſpace AMP, about that axis, 


ConoLLany VI. 


r 
be the Fluxion of the Surface, generated by the rotation 


of the arch AM about the axis AP, or which amounts to the 


ſame thing, of the Surface generated by the motion of the cit- 


cumference whoſe radius is PM, along the arch AM: and —— 5 
- 


the Fluxion of the Surface, deſcribed by the rotation of that arch 
about the Axis CB, " 


1 
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If by the help of the Equation of a Curve, you find fuck Ex- ; 
preſſions, as are equivalent to theſe general ones, and which con- 
tain but one ſort of variable quantities ; then having found _—_— 


fluents, by the Rules given in the firſt Section of this Book, 


will have the Expreſſions required of the Areas, Surfaces and 50. 
lids, generated by that Curvilinear figure. 


SCHnoLIUM. 


E ugh we have e in the preceding Problem 55 in | all 


its Corollaries, that the ſemi-ordinates PM, QM, fall at right 
angles to their abſciſſes AP, CQ, yet the ' fluxionary Expreſſions 
of the Areas, Surfaces and Solids, will be ſtill the ſame, when they 
contain any other given Angle, provided you ſubſtitute reſpectively 
into their F 1x20 inſtead of the abſciſs AP, or CQ, the line drawn 
from the beginning of that Abſeiſs, Perpendicular to the ſemi-ordi- 
nate PM, or QM; or inſtead of the ſemi-ordinates, the line 
drawn from the point M, perpendicular to the Abſciſs AP, or 
and therefore we ſhall hereafter uſe indifferently thoſe general 


Expre * in both Caſes, aluays reſerving in mind ſus Diſtinction, 


EXAMPLE I. 


I15 


236. . ET x==y" be the Equation of the Curve AM, and let b 10. 151, 


it be * red to find the Expreſſion of the Area 
A MP. 5 


If the fluxion & = =myy n—1 of the Equation * be mul- 


tiplied by Y, we ſhall have“ (yx=) myy”, for the F luxion of * art. 230. 


that Area. 'T herefore the fluent * 
be the Expreſſion required, 


M1 
1 = L v WI 


M 
* 


45 213. 


If the Fluxion mj ynᷣ 1 be multiplied by . we ſhall have * Art. 233 


24M = on £ RO; for the Fluxion of the Solid 1 


by the rotation of the ſpace AMP about the diameter AP; and“ 4 ,, 213. 


. "— x yy, for the Expreſſion of th 
om +5 m2 = Im * ap 33, fort e Expreſſion of that So- 


lid. And 


ob 


2 


* n ” n 5 4 
Pp n N * = 1 5 FW N 
9 =. Prey 4 ˙ T6); he * 
12 off. Y þ IIA. 7 N 
: * TP . 
err 5 
2 7 


- 
f N ö 
4 8 * 
. y * 
a — * 7 4 « wa 
1 7 ; 8 
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as Ard if both Sides of the produd , 9 of the * . 


tions * 0 , > X= = WY" 1 are multiplied by 7 We ſhall have | 


. 234. = my 2m ( 8 as ) ie the Fluxion of the ⸗ Solid, generated 
by the rotation * that 8 * about the tangent AT: and there- 
8 8 m_ cxxy 
* "13 fore, "I * *ÿ12 FE Lage will be the Expreſſion 
of that Solid. 
Co AA. 1 NO Io 
is 152. F m be negative; the Equation * =, will be that 


237 ——1 


ar. AR ; and the Exprofions = 


; m mn 


of all kinds dof n — reſpect to the aſpmiptotes 
—M E mM 
. 2=m © 27 TIER I—2m 


* m 
= WD Any, vin become ET mM 2 * 27 * and rt Kö 


3 
＋ T We whas m>1, then will, — 1 Vs the 
Expreflion of the voy ARSMP, Py We, 9 towards 


m 
RS: and when m JI r- xy will be the Exprefſion of the ſpace 


PMVT, infinitely 5 towards VT; ſince that Expreſſion 


being negative, the ſpace ought to be woken ſo too ; but when 


=1, the F a= =, will be that of the common Hyper 


; | - be, — . — 0 4 0 =) 200% ſhews, that t. the ratio 'of the cir- 


cumſeribing parillclogram to. that * Is infinite. 


5 c II. e 


» 


THEN m>2Zz then will — 7 — a ex- 


m — 2 21 


| _ _ * Solid generated by the ſpace AR SMP; and when 


n a, abt a the Sold generated by the * P MVT, But 


. * * 
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if n½ 2, then 7 y will become = <= yy. Which | 
ſhews, that the ratio of the circumſcribing Cylinder to that Solid 


is infinite, ; 


EXAMPLE II. 


and let it be required to find the Expreſſion of the Arch 


239. L E T the ſemi-ordinates P M fall at right-angles to AP, Fre. 151; 
AM 


The ſquare of the Fluxion of the Equation x=y” , will be 
* = m*y*yzm—2, and #*+5* = y*--m*q* y2m—2, Therefore 


( 9 1 n 5 —½P2, will be * the Fluxion of that * Art. 179. 
Arch, Now if this Fluxion be compared with the general Form * » ,,, 218, 


5 t e . 

d r x e+f2" , we ſhall have r=0, m, n=2m—2, and 

H ‚ % V TC SE Ee OCT 

1 112 = N ee, 3a og 
is = 27 Likewiſe ( 

1 | 

27—1 


N. 


2M—2? . 


=; or if we ſuppoſe -t, m = 


=) t= 


777 5 And becauſe when s is a whole poſitive, or : a whole 
negative Number, the fluent of 57 I n= v a may be found ® , 
in s or Terms; therefore, if we ſubſtitute ſucceſſively for g, the 
Numbers 1, 2, 3, 4, &c. into the Equation 9 = 22D - and if 
the Exponent m expreſſes any of the Values found by that ſubſti- 
tution, the Arch AM may be rectifid. 
For Example, ifs = 1; then will n= (=) 2; and 

| N e * 


Art. 218, 


therefore if x j*or xx =5* be the Equation, the Fluxion 


„ 14 55. But when y = ©, the arch AM will be likewiſe 
So; and as there remains E s of the fluent, by ſuppoſing 


So; we muſt ſubſtract that quantity , from the ame, in 
yy E | 


order to have *Z * 1 ＋ 4 * — , for the true Expreſſion re- 
quired of the arch AM. = 


1. 
- l 
3 
1 
N * 
* 
; 
LE 
2 
" 
. 
3 
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N. B. If the Numbers 1, 2, 3, Sc. are ſubſtituted ſucceſſive- 
1y inftead of t, into the Equation m Ic, we ſhall find the 
fame values for mas before, except that the Fraction will bereverſed, 


2 * 
And becimnd the Numerator 2 of the Fraction op a 9 is leſs 
than its Denominator 2#+ 1 ; the Curve AM, will 45 convex 


next to the — AP in this Caſe ; | which I prove thus : 


Suppoſe m ; then will 1 = be the Equation of the 


| Curve AM; and - 100 = 757 2 = 5 I will be the Expreſſion of 
the ſub-tangent. Now if 7 > 5, the ſub-tangent will be greater 


than the Abſciſs AP; and therefore, the Curve AM will be con- 


cave next to AP. But if C the ſub-tangent will be leſs than 
AP, and conſequently the Curve AM will be convex next to 


EXAMPLE m 


Art. 235. 


240. T O find the Expreſſion of the an, ſcribed 5 tle 


Rotation hay the OP AM about the Axis AP. 
11 18 evident, that * 


—) 5 1 © will be its F luxion, 


k which being compared with the general Form dg x Ax 
. 3 | op I 5. , 
gives (— = Ji= === pg | 


I 
71 * we ſhall find ſuch Values for the 3 2 


which beang taken convey for the fame, the fluent of the 


Fluxion =» WW 1m? IM" Yam ?, will be found in s terms, and 


en ſucceſſive y for 7, the Numbers I, 2, 3, 4, Sc. into 
the 


Of FLUEWYW T © 
21—1 
the Equation m = T7 we e ſhall find ach values for n, Whieh 
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being taken ſucceſſively for the fame, the fluent of u I Th m* 5 


will be found in ? terms. 
N. B. Becauſe the numerator of the fraction 2 2A a is leſs 


than its denominator, the values found for n, by means of the 
E 


Equation r will give the Caſes, in which the 
Surface generated by the rotation of the arch AM about the 


axis, towards which it is Convex, may be found in a finite num- 
ber of terms. 


For Example, if s=1, then will u 22 = 2, and 


=p will be the Equation of the Panels. the parameter of 
which being = =I; and the F luxion N I+m? . will be- 


3 


rd EY , 


come — — Ve 17 4 ; whoſe fluent will be. <. 


But ben when 558 o, that Surface is likewiſe =0 ; and ſince 
uy remains Fe 7550 the fluent, by ſuppoſing Do, ve muſt 


ſubtract that quantity - 15 from the fame, i in order to have 7 5 
2 


x way — -. for the true Expreſion required, 


— 


EXA MPLE IV. 


241. E find the Expreſſion of any Space as BOMP of "IN 
common Hyperbola, — by the lines BC, PM, 
pra to th alymptote AR, | 


Let 


Fic. 15 2 


120 


* 44, 213. 


that is, if Ap x, and pm Sy; then will 


Sc. and when r =0, 'K the firſt will become o. * 


The THIRD Book. 


-LerAB=BC=1, Waka; ati then will I yy be 


the Equation, and (ys =) - the Fluxion of that Space, 


which being reduced into an infinite Series by a continual diviſion : 


and the fluent of each term * found, gives x— 1 . u E 4 xt 
TJ xi—&c. for the Expreſſion required. 
* PM falls between the aſymptote AR = the line BC, 


=y be the 


Equation, and x+Zx*-2x3- zu! ＋ Cc. be hs Expreſſion- 
Now half the ſum of theſe Series, will be x--3x%-5x%--7x" 
* ＋ Sc, and half their Difference 2 TA TSK 43% 


0.001 0.0 71 


— — 


5 
0.051 0.01 0,031 0.071 


"3. &c. and the laſt #—- + Sx" + &c. en be- 


ing reduced into decimals will give the following numbers. 


O. 1000000000000 o. oo 50000000000 p 
3333333333 250000000 
20000000 1666666 

142857 12500 

1111 | 100 

2» 3 : & 

o. 100335 3477310 0.00502 51679267 


Theſe two Sums being added together will give c o, 105 36 
05156577 &c. for the Expreſſion of the Space BCmp; and 


their Difference will give D, o, og 53 101798043 &c, for tix 


een of the 8 pace BCM P. 


*g3 Stands for 000, o; ſtands for 00000 H. : gr 
PR Coro: 


Of FrvenmTs. 


242. Ecauſe, when the Sectors mAC, mAM, mAN &e. 

= or the correſpondent Spaces m C Bp, mMPp, mNQp, 
(which are * equal to thoſe Sectors) are in an arithmetical Pro- 
greſſion, the correſpondent abſciſſes Ap, AB, AP, AQ, Ge. 


therefore C, is the Logarithm of Ap I- =0.9 ; and D the 
Logan of Pvt ee * nn un Pr ey 


CoroLLARYy II. 


243. J F we fay, as the Expreflion D, of the Hyperbolical ſpace 


| | BCMP, 1s to the Rectangle ABCD (=1) or power 
of the Hyperbola, ſo is the Logarithm . o4 139268 51 582 of 
AP, (equal to the Difference of the Logarithm of 11 and 
that of 10) to a fourth number r=0.434294481903 &c. = 
ABCD, this fourth number is called the Logarithmical Modu- 
| lus : and if we divide Unity by that number, the Quotient R 


2.30258 5092994 Kc. 18 called the reciprocal Modulus. 


CoroLli an Tt ML 


244. T FENCE, the Rectangle AC, is to any hyperbolical 


1 Space BCNQ, as the Modulus r, is to the tabular 
Logarithm of AQ : and on the contrary, The Modulus r, is to the 
Tabular Logarithm of any abſciſs AQ, as the Rectangle A C, is 


to the Expreſſion of the hyperbolical Space BON Q correſpon- 
dent to that abſciſs. Therefore the power of the hyperbola, that 


is, the rectangle AC being given, the Space BCNQ may be 
found when the Logarithm of AQ is given ; or that Logarithm 
may be found, when the Space BCNQ is given. For Example 
let L expreſs the Tabular Logarithm of AQ ; then if we make 


(SD: L.: ABCD. +LxABCD = RLxABCD; this 
5 fourth 


—— 


1— 


+ See $herwin's Mathematical Tables, Page 18. 


Art. 114. 
will be“ in a geometrical Progreſſion; it follows, that the faid « . 110. 
| Spaces are the Logarithms of their correſpondent abſciſſes; and 


©: S ao. ; 
- E 4 . . 4 : : c 
: 8 mad mag ” * 
A n 2 A * , F : : 5 . 
. 3 | : - . OS... — * — 2 * gf 
. — E SE 2 2 Pro; * AAS PRESET 5” — 7 * 
„( . % rc FUL ETD "= D = 


dt 

7 

\ 

— 

E 94 
; p 
43 

* 

* 

5 


n 


ES . 70 


1212 


Fic. 153. 


245. 


The THIRD Book. 
fourth term will be the Expreſſion of any hyperbolical ſpace 


ſuch as BC NQ. This muſt be well obſerved, becauſe it will ſerve 


hereafter as a Canon, for finding the Expreſſions of ſuch « 2 
or of any _ which may be reduced to them, | 


CoRroLLARY 1v. 


Ecaule when AB is = 1, the ſpace B CMP is the Lo- 
garithm of AP, and the ſpace BCNQ, that of AQ: 


it follows, "mT the difference PM N Qof thoſe * is the 
: Logarithm ix A pe 


CoRoL LARY V, 


246. 8 7 . 18 the Fluxion of the Hes BCMP, that i 15, 


the Fluxion of the lin of AP, it follows, that the Fluxion 
of the Logarithm of any Quantity (AP) 1s equal to the Fluxion 


(x) of — quantity, divided by the ſame (I). This muſt be 


E emen. becauſe it will be of great Uſe hereafter. 


EXAMPLE V. 


247. Te O find the Ex reſſion of a e Arch AM, 
whoſe Radius AC and © angent AT are given. 
Let AC fy ATA, tT , and draw tr perpendicu- 


lar to the Secant CT : then will CT 1-22, and becauſe 


of the right angled ſimilar Triangles CAT, 'F. rt, we ſhall 


V» 4r:. 188. 


have CT: CA::Tt; RT. . ; and the kate CT, 


v1+22 
will be to the Radius CM, * as the Girknlar velocity ts of the 


point T, is to the cuchlar velocity 5 — of the point M, Which 


is equal to the fluxion of the arch AM. N ow that fluxion being 
reduced i into an 1 infinite Series, and the fluent * each term found, 
| will 


Of F nr 
will give 2 x into 132233 — 32 — &c. for the Ex- 
preſſion required. 

It is evident, that when AT =2Z=4y7 2, the arch AM will con- 


tain 30 Degrees. For the fine PM of an angle of 30 Degrees | is 


2, and the co-ſine CPS /; therefore CP: PM:: CA. 


r 3. Conſeg quently ſubſtituting for 2 and its pow- 


ers their values, we ſhall have 7 X into 1=S+S— 15 — 


1 


—= — &Cc. 
81 
. If this Series be multiplied by 6, we ſhall have (6/7 9 
| 15 x into I —— 3 —— + r rg &c. for the Ex- 
preſſion of the ſemi-circumference. Or if A=y12, A, 


C= zB, D=;C, ED, &c. this Series will become K 
440 7D+3 E—&c. this laſt Series being reduced into decimals 


| will give, 

 3:46410161513775 3849001794597 
7 298003589195 1832857997427 
475185406740 129596020020 
30552723595 10559075705 
3105786972 926287342 
279356500 33021343 
26073273 | | 8047306 

2497439 778771 

243857 76641 

2423 77 

245 78 

2 T7 8 
17 2546237727926 —, 4046405 1859228 

— 45451889223 e 


n 


" 5988. Difference or value of che Semicir- 
cumference. 
Therefore the Radius is to the Semi- circumference, or A Ds! is 


to the whole Circumterence, as Unity is to the number 3. 1413926 Cc. 


Co R- 


\ 
iq 
$1 
9 
* 
Mt 
bY 
17 
* 
1 
F 
"Mt 

; ' 
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. : ; * * ' — l - 2 2 5 : 1 re 2 - FO” ——— 4 4 5 22 * — =, n 9” 2X > in F 7 I 3 Wo IC _ — DT + R = - 
=. > Wd r ICT pf HS WE > INTE | 5 


— — - 
; of PEE. 
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A.. 248. 


Fic. 153. 
154. 


Ari. 3. 
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CoRoLLARY I. 


248. H Ence the number 3,141 592 &c. is to unity, as 180 
degrees is to the number and parts of degrees con- 


tained i in an arch equal to the Radius ; ; which will be =þ, $7; 


2957795130 &c, 
This laſt number E, is called the T; meien! Modulus : and 


if we divide unity by this number, or 314 592 Sc. by 180, 


the Quotient ,017453292519943 =K= 7 is called the R Recipre 
cal Modulus. 

ConroLLary II. 

249. Ence may be found the Expreſſion of an arch, who 


radius and fine or co- ſine are given; and on the con. 
trary, there may be found the Expreſſion in degrees of an arch, 
whoſe radius and Expreſſion in numbers are given. For example 
let D expreſs any arch as AM in degrees, and let k=57,29 $779 


Sc. then if we ſay, as the Radius AC expreſſed in degrees t i 
to the arch A M=D expreſſed in degrees, ſo is _ Radius AC 


Sa) expreſſed in numbers, to the arch AM= —D expreſſed 
in numbers, or becauſe * 1 = K; we ſhall hw -D=aDK. 


EXAMPLE VI. 


250, N © fat the Ex preſſion of the Elli N or Hyperbolicd 
＋ Sector CA M. 


The fluxion of the Equation * 3 * 35 Ya uu, will 0 
aa 


<p u, or Bi 5 ſubſtituting for V, it 
value 


| we divide this Fluxion by - 2 3 ag ſhall have E eee 


| to o the Fluxion 


will be the Fluxion th 


_"=_ "y UENTS. 125 
ates = of that Sear, it will become + 4, 232. 


value into o the fluxion * * 


5 


6 


„ or becauſe 5 * id? . and «= 


aa 45 5 
1 il be = — . 
— bbw: it ws * e 
y 


- Rs is the Fluxion of a circular Sector, if 
44 3 


Now becauſe 


= for the 


— 


Fluxion of the circular arch, whoſe Radius and fine are as þ to . 
| Therefore if D expreſſes the arch in degrees, then will * 6 DK, . 45 249} 


4 ab 


| be the fluent of TR and — 2 DK, the ane required 


— — 


of the Elliptical Sector CAM. 


And if L expreſſes the Loguitm of S tv 2 ; chen win 


ab ab 


* — —LR be the fluent of LAS , or the Repei of the t. 2. 
Hy Nebels Sector CAM. | 


21 bb + 9 


For the Fluxion of the Log. of. 2. — „ will be 3 . An. 246. 


VESTS 59 
"Mi 


= of that quantity divided by the fame 


. 3 | 
| + „yy . that! 1s, — 4 dl therefore 2 X — | 


By e 
If y=by/2, then if we ſay 6, is to h. 2, as the Radius in the Ta- 


| bles of fines and tangents, is to the ſine of the arch whoſe 
| fine and radius are as y to &; or if we take the Logarithms of 


theſe numbers ; then becauſe F 65%: : I: ; and Log, vi= 
—624693, and the Log. of the Radius is 10 ooooooo; the diffe- 
rence of theſe Logarithms 9.937 5307, will be the Log. of the 
line of the angle fought ; a will be found to be- 60 degrees: 
and 


wn tn TEN * 
— — mo ro, 8. 
. TAR 


e 
22K 6 Os EVR” . — 


4 1 r 5 . if « WIT 8 1 15 5 * . * 
e >= 4 oor Deg WES Hos 
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* Art. 248. and becauſe K 0.0 174532925, and D=60 ; we ſhall have 


Fic. 


254+ 


zabDK ah x into o. 523 5987 50 Ec, for the „ of the 
elliptical Sector CAM, in this Caſe, | 


Likewiſe, the Log. of FEE 2 74 + 71552 188 i we 


* 41. 243 0.3400473, and becauſe R = * 2.30258 5092994 ; we ſhall 


776 153, 21.0 
HE 


| . 2 32, A their values into the fluxion * * 


* drt. 249 


® 47. 244. 


we ſhall have 1 N= TEES 


wio.ill be the fluxion of that Sector. 
. 247. 


0 2 240. Fluxion of the Log. of, will be“ 25 bb — a and that of 


have 346 RL = abx into 0.3914939219 Cc. for the Expreſlion 


of the byperbolical Sector CAM m this Caſe, 


EXAMPLE vn. 


0 ind the E. xpreſſion of the ſame Sector, by raking th 
Tangent Ar. (z) for the variable quantity. 
Let the line CM (produced 1 in the Ellipſis) meet the tangent in 


＋ then the fimilar triangles CP M, CAT; will gi ve = UZ » 
|: ä 


whoſe fluxion is 75 = 


Therefore ſubſtituting for 7. j 


— — 


n will become 


Dice becauſe & eee equal to R (ünce 72 " | 


_ aabb abbs 
—/ 2bbF22 


UUY 


24 
— 75 


And conſequently f. 2 


Now if D expreſſes in degrees, the arch whoſe Benin is“ 
 bbg 


b N 


D be the Auent of 75 and therefore A 0 PK will be 
the Expreſſion of the Elliptical Sector CAM required. 


And if L expreſſes the Log. of — MEE then will * ; 240K 
— 22 
be the Expreſſion of the Hyperbolical Sector CA M. For the 


Z by — —2ZS 


and whoſe radius and tangent are as b to 2, then will! 
bbz 


the 


| for the Expreſſion of the Elliptical Sector CAM. 


the Log. of MZ will be = Bb ES and Weiden their dif- 


bs © 
ference will be 1 


ConoLLany 4 


252, 1 Ence, if in the Hyperbola, the Haenden of the 


Sector CAM be added to the triangle C QM, or * t. 213. 
ſubſtracted from the triangle CPM ; we ſhall have the — 5 


| of the Space CAM Q or of the Space AMP. 


And in the Ellipſis, if the triangle CQM be added to, or 


the triangle CPM ſubtracted from the Expreſſion of the Sector Fro. 153: 


CAM ; we ſhall haye that of the Space CAM 2 or of the 


| Space AMP. 


If z=2b; then if in the Ellipfis AC (5), be to AT (4 20 as che 
radius in the tables of fines (1000000), is to a fourth number 
500000, which is equal to the tangent of an angle of 26 degrees 
34 minutes = 26, 56666, =D ; and becauſe K =* 0.0174 


5329 « 
25199433 We ſhall have *abDK =a bx into 0.2318379 &c A. 248; 


oy . 


* 3 


And in che Hyperbola, we ſhall have 


1 0.301030 is the Log. of of 3, half that number 0.150515, 


will be the 1 of 93. that is, LN and becauſe R= 2. 302- 


| 58 5092994 3 —LR will be = ab x into 0.17328679 &c.. 


equal to the Expreſſion of the * Sector (© A M. 


EX A M P L E. VIIL 
L the curve AME be the Ciſſoid _ ; Ney: 7s pic. 1 


ſuch, that any of its Semi-ordinates as PM to the axis 
AB, is always 4 third proportional, to the ſemi-ordinate PN of its 


generating Circle ANB, and the abſciſs AP; it is — to find 


the Expreſſion of the pace AMP, 
If 
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+ 
I 77 
. 
H. 
* 
n 
4 
= 
1 
* 
3 
2 F \ 
#7 
1 
* 4 
WW; 
Ft 
1 
* 
1 
2 


* 41.243, 


DA SS. r ide ni i BE 
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. Art. 233. 


| ” Art. 24 4. 


Art. 243. 


FC. 137. 


© 1 Bt; 201: 


255 T 


ruin d Book. - 
If AB=a, AP=x, PM =y; then 8 2 Var —xx, and 


y = === will be the Equation of the Citoid. Therefore 

Va - X | 

0 t=} a will be the fluxion of the Space AMP. Now | 
V ax—Xx 


becauſe & /a = is the Fluxion of the circular Space ANP, 


ANP —2xVax—xx, will be the Expreſſion required. For the 
Auxion of this Fluent 1 is the very { lame as that — 


EXAMPLE 3. 


2 54: O find the Expreflion of the Solid nn bs” the ro- 
zation of the * AMP, about the line A B as an 
axis. 
3 | LIT] es 
If zr a; then will ® = aa—ax- 8 
—CxA—Aach, be the Fluxion of the Solid. Therefore if L = 
$3 : : 
Log. _—_ ; we ſhall have * aacLR = — = ac x, 


for the Expreon required; and when x = za, then will L= 
Log. 3 =0. 30103, and becauſe R is . 302 58 &c. a ac LR 


2aac 


will be = aac x into 0.693 14719 &c. and ac LR 7 
will then be the Expreſſion required. 


EXAMPLE. X. 


0 find the Einen of the Space FPMA of the Lo- 
2 thmical Curve, infinitely produced towards F A. 
Becauſe x ay=yx, we ſhall have ay=T'MxPM, for the Expreſ- 


hon required. If another Perpendicular Q N be drawn to the A- 


ſymptote FP; then will PTxQN— —PM be the Expreſſion of the 


Space N QPM. 


— 


Of F LUENTS. I29 


If r=2=TP ; then will * « (22 = ) £ Abe the Fluxion of 4 233. 
the Solid generated by 75 rotation of the 8 eh FPMA about 


6c —2 


the * FP, and - 3 - = PM its Expreſſion : : and 


therefore 5 x QN I P PM , 55 of the Solid generated by 
the Space ag: in that rotation. 


E XA M p L E XI. 
12 " T 0 find the Expreſſion of the Space PFM of 7 the Spiral. Pic. 139. 


whoſe Equation is * m ay n . 4. 203. 
| It! is evident 1 * the product of the radius PM multiplied by 

| half the circular velocity (x) of the point M#, will be the Flux . 229. 
ion . that — Therefore that Fluxion, will be am „ 


| 1 — 2 jand ; 2m BT a the Exprefion required. 
Wh en m . - 1; then will 45 = * be the Equation, Fic. 140. | 

| which 3 is that of the reciprocal Spiral ®, , and 2 = = 3 ABxPM » Art. 204. 
| the e a e 

| if 69==8 be the Equation, which is that of the Logarithmical | 

| Spiral * PF M, hh turns an infinite number of times about pc. 138. 


| the pole P before it arrives at M; then will 2 = +> + TP x PM Art. 202, 
| be the Expreſſion required. N 


EXAMPLE & 


L 257. L ET the right Cylinder L Aa, be cut by an lique Plane 
B DN b, ae thro the center C of the circular baſe x , 0. 1 156; 


| BAba ; ; it is required to find the Expreſſion of the ors BADNb 
call d the * or Hoof. 
LI | 1 


130 
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It is evident, that the interſections of the Solid and of all the 
planes as CAD, PMN, perpendicular to the baſe'of the Cylinder, 
and whoſe common Sections CA, PM with the bale, are per- 

endicular to Bb, will be right-angled ſimilar triangles CAD, 
PMN. If therefore Cas CBS, bP=x, PM=y, and the al- 
titude of that Solid AD==6 ; then by the property of the Circle, 


we ſhall have y=y/ 2ax—xx, and by the ſimilarity 1 triangles CA 


b 
AD: PM: MN = V20x— Xx; and ſo © 1 PM x MN 
bxxx 


= - bu — 7 will be the Fluxion of the Part bNMP, and 


24 
BN bx* 


the fluent . Expreſſion : and when 2, we ſhall have 
2aab _ 


"TH for the c Expreſion of the whole Solid BADNb. 


EXAMPLE XIII. 


2 85 L ET it be reguiited to find the Expreſſion ah the c COnrver 


Surface of that Solid, 15 
It is evident, that the Product bx (= 75 5 of MN 


multiplied by the Fluxion © 7 S of the 3 ach M will be the 


fluxion of the part bN Mb; and therefore, the fluent b, will be 
its Expreſſion, and 2ab= 2CB x I, that of the whole Surface 


EXAMPLE XIV. 


2 59. 9. T% 0 find the Expreſſion of the Solid 5 by the rotatin 
of the Semi-Ellibfs A Ba about the Tangent AT. 
Draw any where a line L m parallel to the diameter Aa, and 
from its interſections M, m, with the Curve, the Semi-ordi- 
nates PM, pm to Aa; then the ſum of the Surfaces deſcribed by 
the ſemi-ordinatesPM, pm, in that rotation, multiplied by the Flux- 
ion of the abſciſs AP will be the Fluxion of any two parts 4 " 
0 
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Solid generated by the Spaces AMP, amp. If therefore Ta; then 


becauſe AP Ap 23 2c will be the dans of the circumferences 


2 
deſcribed by the radii AP, Ap; and“ (2c 1#=) —— X /. 234. 


b 
v 2ax— 20 ex, xx, will " fluxion of thoſe parts, fince v aN aan; 


But becauſe ( 9 ae, 2ax—xx is the fluxion of the m_ AMP; 


2c AMP will be be fluent of that fluxion, and 2c x into the 


area of the elliptical quadrant ABC, will be the Expreſſion re- 
of the whole Solid. 


EXAMPLE XV. 


260, ET it be required to find the Expreſſion Y PE coma = 
I Surface of that Solid. 


"Ihe product of the Sum of the Circumferences, whoſe radii 


| are AP, A p, multiplied by the fluxion (Z) of the elliptical arch 
AM, will give. 2c 2, for the Fluxion of any two parts of that 
Surface deſcribed by the arches Am, ma : the fluent of which 


is 20; and 2c x into the Curve AB of the quadrant, will be 
| the Expreſſion required. 


EXAMPLE XVI. 
| 261. T 0 find the Expreſſion of the arch of the common Paratole, Pic. 157; 

whoſe equation is 2hx==77.. Att. 1. 
Let AP be the axis ; th the Fluxion px =, will give 2 


5 ; and Vr N == 5 Vp 5 for the Fluxion of the arch. 


| Therefore, if L=Log. 7 5 2 2, then will * L LR be the * A.. 24 
— fluent 
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| IL, Nn I — | 
fluent of 3 pyxpp-yy and 270% VERT ＋ LR will be the 


11 = 

| _ Wheny=2p, then will L=Log. 2+y/5=4,236 be=0.6269 560 
and becauſe R = 2.302585 &c. we ſhall have py/5 + x into 
D. 72 180974 &c. for the Expreſſion required of the arch A M. 


EXAMPLE XVI. 
Fic. 153: 262. T O find the Expreſſion of the Elliptical arch BM, termi- 
1 AC nated by the ſecond axis BC and any ordinate PM to the 


* 4.3 


If we ſuppoſe AC=1 ; then will * yy= bx 1—wu, or y= 
b/1—uu be the Equation of the Ellipſis, whoſe Fluxion will be 
T Ii. > On 
n And therefore : *5j* = u* +———— = 1 

1I—uu + bbuu 1 5 „5 1 
* — — > or if we ſuppoſe 1—b5=ad ; then y/ 35-57 


= will be the Fluxion of that arch. Now becauſe 


— oY 1 


* Art. 222. 1 -Aduu = * 1— — 4 — — diu 
| | | | 2 _ 2.4. | 2.4.0 
Im *=1+ 2 Un + 2 5 &c., the product of 
theſe two Series being multiplied by 2, and the fluent of each 
term found, will give for the Expreſſion deſired 


V 1. I.3 


de 1 Sc., and 


7 

Ta - 22 L ang - 

mae 22:0 e. 
Free — &c 


PCT : ONS. Fs &c. _EX- 


0 


2. 


6 1. TE O find the Expreſſion of the 1 Typerbolical arch A M. 


and becauſe ee 8 


4. T O find the Ex preſſion of the Surface deſcribed by the . 


EXAMPLE XVIII 


Fic. 154: 


Becauſe * yy bb is the Equation of the a, THY 
we ſhall find 1 in the ſame — as in the Ellipſis, by ſuppoſin > 3. 
dduu— 


1+bb= dd, that 4 is the Fluxion of the arch AM: 


4 
* 2. 2 2 b . 


„ 8 1 
46.8% 7 88. and n wb Lb 2.4.6. 25 


== 2.4. G. 45 


| + c. the product of theſe Series III y i 1, and the flu- 
ent of each —_ found 25 give 


| IY- 
Prom 3 5 25 2 yy: FIRE 4 5. 8 FE + &c: 55 

| EEE Tis. <4 2 

+ > K 2 Ph 72 24341 | 2 2.4.0. 25 Tha Ke. 

5 * e eee fire... 1 
"Bod 725 2.4.3.413 | 2.2.4. 4. 5. d. u ＋ &c. 
2. 4.6.35 ＋ 2.24.0. 5.415 ＋ Ec. 
A 
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EXAMPLE XIX. 


rotation of the Fl prical arch BM about the axis Aa. CES. — % 
If r=b ; then becauſe y=by/1—uu, we ſhall have * Ars. 262. 


Vi 1—ddut for the Fluxion of the arch BMI, and 6 (2: 3 ® #1. 235. 
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Art. 4. 
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c * for the Fluxion of the Surface. Now if in the 


ſemi-conjugate CB to CA, be taken CDS CA, and with the 
ſemi-diameter CD, and with the Center C, be deſcribed the ſemi- 
circumference ADa of a Circle, when Al! is the firſt axis, or an 
Equilateral Hyperbola N Dn, when Aa is the _) then if 


CQ=4y, and the ſemi-ordinate QN be drawn, © 4* C Q ND 
will be the Expreſſion required, 


For when Aa is the firſt axis; then will * 1 d be poll 


tive; and therefore 4 dy 1—dduu will be the Fluxion of the cir- 
cular ſpace CQND : and when Aa is the ſecond, 1—bb=dd 


will be negative, that is, 55 — 1 =dd; and conſequently 


11 dy 1 + dduu will be the Fluxion of the Hyperbolical Space 
CQND. 
When Aa is the firſt axis and u=1=AC; then will CQ 


that is, the point Q will coincide with the“ Focus. 


If D be the Ex prefiion in degrees oy a circular arch, whoſe 


radius and ſine are as x to 4 4; then will — * 1 A - — KD 
be the fluent of c uy N and if L be the Logarithm of 


du-l-y/ TE dau; then will * —/ 7 Adu 2 —RL be the fluent of 
cus 14-dun. For the Fluxionof the he Logarithm of du-l- VI 1-+ dau 


4% TA L- adui 
willbe equal to the Fare av 7 = of that quantity di 
VIA, 
vided by the ſame, that is, = , Therefore this fluxion 
3 " f 


: multiplied by — los Lied to the Fluxion of — I dduu, 


will give cuy/1+dduu, which is the Fluxion propoſed. 


E X- 
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EXAMPLE XX. 


265. T0 fd the Ex xpreſſion of the Surface deſcribed by the 16 y 
T tation of the ; Hyperbolical arch AM, fr þ the of "the OR 


xe. 
If 7b, then becauſe hrt, we ſhall have 4. 263. 


Ada. auI i for the fluxion of the archAM 1 os =) cuv EL I 


55 r the Fluxion of the Surface. Now if in the Axis of Revolu- 47. 235: 
| tion, be taken CQ = a and the ſemi- ordinate QN be drawn; 


then will AN Q or = 7 CANQ, be the Expreſſion required : 


Since du Vddau T is the Fluxion of the Space * when —7, 
or of the Space CANQ when ＋-1. 
When the arch AM revolves about the firſt axis, and 2 1, the 
Surface will become equal to nothing : but becauſe COS Adu then 

becomes, CQ=4, that is, the point Q coincides with the Focus F, 
and ſo the Space AMP! is e t erefore we muſt take away 


the part AEF, in order to have 5 7 . F Q N for the true Ex- 13 


prefſion. 


by L=Log, of db vVIaE I; then will * 252 = RL... 
be the Ex preſſion * 


EXAMPLE XXI. 


166, 2 find the Expreſſion of the arch AM of the arith-? 10. 137: 
1 mical Curve infinitely produced towards A. 1 


Becauſe * ef, t we ſhall have v — LE: IF, for the * at. 201; 
Fluxion of the arch ; and if z=y/aa-)), that Fluxion may be 


USL a a8 


changed into this other . bei 
L 
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2 4 aa 
=Lo K. 9 Ae een r 
L g. o r 7, chen will Va- aLR 


be the Fluent required. For the Fluxion of the Logarithm of 


„ 
ba, is = and that of the Log. of V - is 
RS. at 


TC 2. which being ſubſtracted from the firſt, will give 


S2 - 44 
S 4d 


: fr the be of the . of - ; and therefore 


Fre. 138. 


E At. 202, 


Fi. 140. 
Ai. 204. 


OE 


2Z—ag * — 44 * 


EXAMPLE XXI. 


n, T 0 FT the Ex relion of thes arch P PEN Mo the ler 


Leet. PM 3 NI 3. 217 . or IM ha becauſe wh 


PM expreſſes i its own Fluxion, TM exprell es the Fluxion of th 
Curve, m) will be the Fluxion of that arch, and my=TM tht 
Expreſſion required 


Ut ede the Equation ; then will 55 


be the Fluxion: whoſe fluent will be found i in the ſame manne 
as that 1 in Article 266. 


eo 


K 3 ame 4+ 
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Of FLUENTS. 


£42: PROS n fte ATR T TTY 
8 E © TIO N III. 


The * of Fluxions i 1 finding the C enters of Gravity. 


DerIiNnIiTIONS 


1. The Center of Gravity of a Fi gure, is 2 point by which 
| that Figure being ſuſtained or ſuſpended, all its parts remain yy 
{ reſt or in equilibrium. 


2. Any line drawn thro' the Center of Gravity of a Figure, in 


an horizontal plane, is call'd the Axis of Equilibrium. 


3. The Propenſity or Tendency of a Body towards the Earth, 


with reſpect to its diſtance from its Axis of — is call d 


the Momentum of that Body. 


Con LILA. 
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268. 1 exident from Defin. 2d, that if G be the Center of Fic. 1 


Gravity of the Figure P QR S, and dG the Axis of 
Equilibrium, the vertical plane paſſing thro the axis, will divide 


the Momentums of all the Particles of the Figure, into two equal 
| parts. For if the Sum of the Momentums on one fide of the plane 


were greater than the Sum of thoſe on the other, the Figure would 
be more inclinable to move one way than the other, and fo the 


| point G would not be its Center of Gravity, which is againſt the 
Pn, therefore G c. 


PosTULATUMS 


I. That Gravity is every where the fame at a ſmall diſtance 
from the ſame point of the Surface of the Earth. 
1. That the right Lines or Directions, in which Gravity tends 


towards the Earth, may be taken as parallel to each —— in a 


{mall horizontal diſtance, 
Ed 
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N. B. 1. Becauſe the weights or quantities of Matter of the 
fame denſity, are proportional to their Bulks or Magnitudes, 
and as we ſhall here only conſider Bodies of the fame denſity ; we 
ſhall make uſe of their Bulks or Magnitudes inſtead of their 
Weights. JJV 

2. Although Lines, Areas and Surfaces, have really no Weights, 
yet as the Conſideration of their Centers of Gravity is uſeful, we 
ſhall make uſe of their contents or meaſures in the ſame manner 
as in the Solids, as ſo many Weights proportional to them. 


THEOREM I. 


269.1 F ſeveral Bodies or Weights P, Q. R, 8, &c., are fixed 


to an inflexible line AE void of Gravity, in A, B, 


E, F, &c., and if that line be ſuſpended or ſuſtained by a point 
S, ſuch that the ſum of the Products of the Weights on one fide, each 


of them being multiphed by its reſpective diſtance from that point, is 


equal to the ſum of the like produfts on the other ; I ſay the point G 


| * 4. 188. 


Fic, 162, 


will be the common Center of Gravity of thoſe Bodies or Weights. 
The farther the Body P is fixed from the point G, the greater 
power it will have“ to move about that point, if not prevented by 
ſome contrary action; and the heavier the Body is, the greater 
power it has likewiſe; therefore its Momentum, with regard to the 
point G, will be as P x AG. : 9, Ha 


The ſame thing may be proved with regard to any other Body, 
therefore Px AG NBG REG SFG by ſuppoſition ; that 
is, the ſum of the Momentum on one fide, is equal to the ſum of 
the Momentums on the other: conſequently the point G is 

the common Center of Gravity of thoſe Bodies. Ra, 


THEOREM 1. 


270. I F ſeveral Bodies P, Q. R, 8, &c., are fixed together fi 
as to be in different Planes: the Sum of all the Producl. 

of each Body multiplied by its reſpective diſtance from a plane given 
in polition, will be equal to the Product of the Sum of all thoſe Bi- 
dies, multiplied by the diſtance of their common Center of Gravity G 

from that plane, if they are all placed on one fide; Or if oor of 
OF place 


= — 10 HW, A aAMOCSD 4. 


Of FLUENTS. 139 
laced on one fide, and ſome on the other, the Difference of” the like 
Products of thoſe on one fide, to thoſe on the other, will be equal 
to the ſaid Product. yi = W_ 
Through the Center of gravity G, draw an horizontal plane, 
in which draw the line Gg or Gd, parallel to the interſection 
DT or DF of that plane and the plane dT or DF given in poſition ; 


likewiſe from the points P, Q., R, 8, Sc. where the directions of 


the Bodies meet the horizontal plane, draw the lines PA, QB, RE, 
SF, parallel to DT, interſecting DF in A, B, E, F, Sc. and 
dG, in a, b, e, f, Sc. Now it is evident (by Poſt. 1.) that 
the gravity will be the ſame, whether thoſe Bodies are fixed al! 


in the fame plane, or ſome under and ſome above it : therefore, 


if we conſider the line Gg as an axis of Equilibrium, we ſhall 
have P x AG QA bG=RxeG+SxfG, or becauſe aG =, 


[Dg—DA, bG =Dg —DB, eG=DE—Dg, fG=DF— © ** 


Dg ; that Equation will become Px BR = PA HQN z—DB, 


=R x<DE—Dg+8*x DF—Dg, or Px DA-+Q x DB-RxDE 


+$xDF=DgxP+Q—+R-+S. And if we confider Gd as an 


axis of equilibrium, then will PX Pa R *xRe=Q x Qb+Sx 
8f＋ @&c, or becauſe Pa =PA+Gsg, Re=RE +Gg, Ab 
QB—Gg, Sf=SF—Gg, the laſt Equation will become this 
PxPA+Gg+RxRE +Gg=Qx QB— Gg+Sx8F — Go, 
| or —=PxPA+Q x QB—RxRE +SxSF=Gg x<P+Q+R+$ 


From whence we deduce this general Rule for finding the Di- 


ſtance of the Center of gravity of any figure, from a plane given 


in poſition. i 5 „ 
Multiply each particle of the figure, by its diſtance from the 


| plane given in poſition, and divide the Sum of all the Praducis (if 


the plane falls without the figure) or the difference (if it falls with- 


in the ſame) between the Products on one fide and thoſe on the other, 
| by the content of the Figure; then the Quotient will be the Diſtance 


| required, 


EX. 
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271, T- O find the Diſtance of the Center of gravity of a Triangls 
| = | ABC from the line TAT, parallel to its baſe BC. 
Let AE (a) biſect the parallels MN, BC, in P, and E; then 
3 J xx 

if AP x, BC Ab; we ſhall have MN Therefore 
will be the Fluxion of the Weights, which being multiplied by 
the diſtance AP, will give —— for the Fluxion of the Momen- 


tums; whoſe fluent 7* divided by the ſum 2 of the Weights 


will give = for the expreſſion of the faid diſtance of the tri- 


angle AMN, and 3 AE for that of the Triangle ABC, 


Becauſe the line AE biſects all the parallels MN, the Center of 


gravity will be in that line; and therefore if AG A E, the 
point G will be the Center required. 


COROLLARY, 


272. ET the quadrilateral Figure AB CD, be divided into 

two triangles, whoſe Centers of gravity let be E and 
F: then if the point G be taken in the line EF, ſuch that the 
content of the whole figure, be to that of any of the parts as ABD, 
as the line EF, is to the diſtance GF of the point G from the 
Center of gravity of the other part; the point G will be the Center 
of gravity of the Figure. For if we conſider the contents of the 
triangles ABD, BCD, as fixed in the points E, F, to the line 
EF; then will * ABD: BCD:: GF: GE; and by compoſition 
D: ABD: : EF: GG. 


E X- 


273. T O find the Diſtance of the Center of gravity of the ſemi- Pio. 165. 


tion is x An. 


weight with regard to the axis AE, will be (25 x 94 Y- „u: 
conſequently its fluent = * 2 divided by the Weights 


Of FLUENTSs. 1 


EXAMPLE II. 


Parabola BAE, from the tangent A T, ue Equa- 


The fluxion #==myy%— being multiplied by y, gives (y =) 


= 5y” for the fluxion of the Weights ; and therefore O 


myy*" will be that of the Momentums; whoſe Fluent 
2 FI) mi divided by the ſum of the Weights — +, 


5 Tr. 
gives nk ye i x for the Expreſſion of the diſtance 


uired, Bog . . a 
It is evident, that if we conſider the Weights yr to be united in 
the middle of the ſemi-ordinate PM; then the Momentum of that 


4 5 y=+ , will give 28 y for the Expreſſion of the Di- 
ſtance required from the axis AE, 

52 4 PG = AB; the point G v 
H AF = AE, an = 20-4 B ; the point G will 


be the Center of gravity of the ſemi-Parabola AEB. 


274. JF the Exponent m be negative, then will x =y=* be 
the Equation of all kinds of Hyperbolas SMV with | 
— 1 4 — Fic; 182: 
regard to the afymptotes AR, AT, and — 1 =, — * 
then expreſs the diſtances of the Center of gravity of the ſpace 
ARSMP when 12 2, or of the ſpace PMVT when 1<2m, 
— . A ( 
5 — — 


N. 
1 
' F 
+ 
; { 
* 
77 ö 
x | 
6 x 
& a 
. will 
| 
1 } 
. 
=_ 
n 
: 
5 
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When m=1, then will x= be the Equation of the com- 


1 —M 1 — m 


mon in Hyperbola, and both the diſtances —5=x, „ae will 


127 
1 — 0 


e infinite 1 in this caſe. vis. the firſt T2 1K is that 


— 2m I 
of the _ PM * T from the aſymptote AR, and the ſecond 


LI $4 that of the ſpace ARSMP from the r 
tote AT. 
1 1 — m I 
When 1 2m, then the diſtance Tan r = of the Center 
of gravity of the ſpace ARSMP from the aſymptote AR i is = 0; 
1— n —I 


and when 22 m, then the diſtance aw 0 of the Center 


of gravity of the ſpace MVV from the aſymptote A T, is =0, 


EXAMPLE II. 


0 ) find the Diſtance of the Center of cravity of any ſpace as 
BCM terminated by two lines parallel to the e 
A R, in the common H Ypervola, from that * 


1 E A wie 
of the Equation = = Liz the fluxion of the "I and = IT that 


Let . 2 PM=y, then will = y be 


the Momentums. Now if the fluent of ; —— 2. or _- [ſpace 


BCMP be =, then will „ be the fluent of * or the 


' fam of the A and —= the Expreſſion of the diſtance 
required, For 2 IP 7. EET > Wa 2 1 8 


— — 
— — — — 46 0 : E X- 
; - 


al 


Cc 


Py 2 — 
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EXAMPLE, IV. 
| BY bout the diameter AE, from the vertex A. 


Mc 


and therefore 27 x y y*"+' will be that of the Momentums, be- 


3 Ecauſe x=y =; whoſe fluent 2 2 e divided by the ſum 


C 1 ** C WS w+4 
of the Weights i OIL e 


the Expreſſion of the diſtance required. 


176, T O find the Diſtance of the Center of gravity of the Solid x 
17 T generated by the rotation of the ſemi-Parabola ABE, a- 10 
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165. 


| 6ʒ 5,5 * Ts = | 
We ſhall have“ 77 * 9 yl for the fluxion of the Weights, * .:, 236. 


When the Exponent m is negative, then Za“ will be the Pio. 152, 


Expreſſion of the diſtance of the Center of gravity of any Solid ge- 
Lverated by the Hyperbolical Space AR SM, about the aſymptote 
Ar, from the other aſymptote AR when that Expreſſion is poſi- 


tive. 


When u 2, that Expreſſion will become = —_ x, and 


13 x... + ea 
when m==1, it will become —x, that is, infinite. 


EXAMPLE. V. 


the center C and drawn parallel to the chord MM. 
It is evident, that the faid Center is ſome where in the Radius 
CA which biſects that arch: therefore, if the line m m, parallel 


* 


p, and Cp=x, pm=y, the arch Am r; then will 2 # be the 


fluxion 


277. TO find the Diſtance of the Center of gravity of the cir 
cular arch MAM, from the line TCT, paſſing thro 4 


o MM, meets that arch in m, m, and interſects the radius CA in 


tive, or of that generated by the Space PMV'T when it is nega- 


10. 166, 


144 The T H1lRk D Book. 
v 4. 164, fluxion of the Weights, and 2&x=#24 the fluxion of the M- 


TP 
mentums ; and conſequently — will be the Expreſſion of the 


diſtance required of any arch as mm, 


COROLLARY, 


278. Ence the arch MAM is to the chord MM, as the ra- 

dius CA is to the diſtance of the Center of gravity of 
that arch from the center C; and therefore the ſemi-circumference 
1s to its diameter, as the radins 1 1s to the diſtance of 1 its Center of 
yy” from the center . TY 


EX AMPLE VI. 


279 1 O find the Diſtance of the Center of gravity of the Seth 
CMM, from the center C. 


From the center C deſcribe any circular arch NBN, and For 

Chord NQ N, interſecting CA in Q: then if CN= CB = 

CA, MM=5, the arch MOMS the chord NN will b 
bo CNxNN 5x 


=> and the arch NBN = =— as like wiſe n NPN = 

will be the diſtance of the Center of gravity of the arch NBN: 5 
therefore —_ * will be the fluxion of the weights; and becaule the 
1 product of the weights multiplied by the diſtance of the Center of 


gravity ® 1s equal to the Momentums, — x _ — = will be 


ug 448 


At. 277. 


* +. 270. 


the flxion of the Momentums ; ab fluent = divided by the 


„ 
weights, 2 & N gives 3c 5 and when a &, == will bh the Exprel 


ſion of the kunt required, 


by 


4 0 * y | | 
F 4 [ . 1 . 72 F o 
1 an? « 4 ; * | _ Is 8 : 3 je —_— * 
2 3 by 2 * 8 3 _ 
x 4 4 = T5 ſo F 
"is i : 8 + - PR N 1 , 
' | 0 ' 7 a VM: 7 " % : 22x BEL 3 
« 9 2 l 8 - a r i 
2 + Y - * s 8 23 Tx 
= b 9 1 . ET. x 
* : as l 1 
- 4 8 a , | 1 


COROLIL AR V. . "= 


280. Ence, the arch MAM is to its chord MM, as ; AC 

| is to the diſtance of the Center of gravity of the Sector 
CMM from the center C: and the ſemi-circumference is to the 
diameter, as 3 AC is to the diſtance of the Center of gravity of 
the ſerni-circle, from the center C. 


EXAMPLE vi... 


281. 7 0 find the Diſtance of the Center of gravity f an : Ellipti- Fic. 153; 
cal or Hyperbolical Space as CAMQ, terminated by '5*. 

the ſemi-ordinate M Q 7o the JO diameter CB, * the ft 

CA, +" 


3 


Becauſe 5 Deen v we tall have s ET EIT * 4. OY 


4 and . (#3 j= — * — VEE») JEST, , for the fluxion of the Weights, and * At, 230; 
be % 


* WEY bb} yy for * of the Momentum: 3. whoſe compleat fluent will 


bb 
mal be 36 "TAs >. And if the Avent of 7 Di. 


the mat is, if the ſpace CAMQ be = 23 then will x + * 
1 8 5 2 us —_ 9 he the Expreſion of the diſtance required, 
th R TV i e 


„282. O iind the Diſtance of the Center of gravity of the So- 
res * 1 generated by the rotation of the | Jace CAM * 4. 


bout the 3 CB, from the diameter C A. 


Pp | We 


H OE TE En or 2 


The Tmixy Wo x. 


. * art. 233. we ſhall have * 2 1 — 4 * 5 73 for the fluxion 

| 3 be. 5 8 of the wen and — 2775 * yes 5 for that of the M- 

mentums; whoſe fluent 2555 * YA divided by the ſum cf 
CEE = | 2bbyFy 


the Weights 2753 Bby==*y3, will dine 1 yy er r the Ex- 
2 preſſion of the Diſtance required. When y=6, the faid Diſtance 


will become = in the Ellipfis and Circle, and - 6 in the 
N 


EXAMPLE 1x. 


Fic, 157. 28 z T2 O find the Diſtance of the Center of gravity f the Sur. 
face, generated by the circular arch BM revolving a. 
bout the diameter CA, from the center C0. 
be Py If CP n, the circumference = Sc, then will * 62 be the flux 

* ion of the Weights, and cu u that. of the r 3 Whoſe 


Cu u 


fluent divided by the Weights c 15 gives 2 5 for the Ex preſ- 
ſion of — Diſtance required. 


EXAMPLE X, 


284. 0 find the Diſtance of the Center of gravity of the part 
1. T bNMP of the Ungula, from the line * tbe cin. 
cular baſe at b. 
b 


P Art. 257. We ſhall have® 2a x Far IP for the fluxion of the 
: : 
Weights, and 2% x 26 2a Tj for that of the Momentum 


_ I 


whoſe fluent divided by the - Weights will * for the 


Diſtance required, 


Be- 


1 9 o Pp 4 "A . - 8 * > 4 N N 9 * 2g 
A * oy . 72 0 IS. "7. 2 PESTS) e * 3 ** ta. 8 A = F r 
* Wk * E000 j r * - 1 tk N % "0 8 5 wry * OF 9 
8 * Gun ein * 92 „ Gy * 1 WY. 
„ 1 y * 
. S 1 
d * | 4 # ? 


_. Of Frvents. Ts 
Becauſe the line drawn from the Center of gravity of any of - be 
the fimilar triangles PMN, CAD, parallel to the fide NM „ 
or D A, will meet the baſe PM or CA of that triangle, at a, F ** 
diſtance equal to * 3PM or + CA: it is evident, that if“ 7. 
| 3 1 Ty : JN | | | A : BY : 
— X' 2axx—xxx, be multiplied by (5 PM=) 3/23; <xx, we 


24 


| N ; 
tall have 35 x 24x u for the fluxion of the Momentums. 
Now if the fluent of #/2ax—xx or the circular ſpace bMP, be 
=A ; then the fluent of = X r will be 7 x Into. 


25 hin X Z — a7; and the ſum of the Weights will 


be == 22 * axx — i x3, 5 Therefore when * 24 (b Pb); then 


in 3 be the diſtance required of half the Solid bAC ; and 
1 when x= 2a, we ſhall have 5 bor the diſtance of the Center of 
gravity of the whole Solid, from the diameter bB. Or if the 
ſemi- circular circumference bA B be c, then will A be = 7 


in the firſt caſe, and A= < in the fecond : and fo Af will 
be the Expreſſion of the diſtance required in both caſes. | 


SCHOLIUM. 


We may obſerve by the by, a noted Proger'y of the Center of gra- 
vity which is, that the Solid generated by the rotation of a plane 
figure, or the Surface deſcribed by the rotation of any line, about 
an axis, is always equal to the product of the generating quantity 
multiplied by the circumference, deſcribed by its Center of gra- 
vity in the ſame time. For if the plane figure AMP revolves F 15: 151. 
. e about 


/ 


* 


** 


1 4. 233. 


. the axis AP 600 then 7 Mz. 1 * ſuent 0 
divided by. the fluent of y &, will give the Ear Jon of the F 74 
of the Center of gravity from the © awis AP ng Surface 


A * i Now this Expreſſion being muliplied into — 5 = wil Sie 


* the ci reunferenre deſcribed by the Center 8 d ty : 
and . that ci reumference multiplied by S: yu, that i is, by the 


e * plane, ue: 2 Jen or the * content of the So- 
lid a in ions revolution. | 2 


/ 


ATED CUNTUACBNUI6YDCOPCUPICUITS r 


SECTION IV. = <4 


The 07% of Fluxions in finding the Centers of. oa. 
tion and Percuſſie. 


F IT Drin iron. 


1. K compound Pendulum, conſiſts of ſeveral Bodies or Weights 
fixed together :. and a fimple Pendulum, anf of a ſingle Body 
or ae conſidered as a point. 

The line paſſing thro' the common Center of gravity of a 
1 Pendulum and thro' the point of Suſpenſion, is called 
the Axis of the Pendulum. 
3. The line paſſing thro the point of Suſpenſion and about 
which the Pendulum Ofcillates, is called the Axis of Ocillation. 

4. Two Pendulums are ſaid to be Hocronous when they perform 
an equal number of Vibrations in the fame given time. 
F. The Center of Oſcillation, is a point in the axis of a com- 
pound Pendulum, whoſe diſtance from the point of Suſpenſion 
+ equal to the len gths of a ſimple d Iſocronous to an 
er. 
6. If you conceive 0 particles, each conkiplied by its re- 
ſpective velocity, as ſo many Weights applied at different di- 
ſtances from the axis of 0 then the power which hy 
" hd 
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have to compel the Pendulum to vibrate, with fegard t 
ſtances from the axis of Oſcillation, is called their Force, 


CoRoOLLARY. 


28 5. JF A, B, C, Cc. are ſo many particles of a Pendulum, Pic. 167; 


revolving about the axis D perpendicular to the plane 
DABC, ſo that DA, DB, DC, _— their reſpective diſtances 
from the axis of Oſcillation ; and if in the axis DO of the Pen- 


dulum, the point O be taken ſuch, that all the Momentums, or 


products of all the particles each multiplied by its velocity, were 
united in that point, the Pendulum would perform an equal num- 


ber of vibrations in the ſame time as a ſimple Pendulum Iſoronous to 
this; then the point O will be the Center of Oſcillation of the 


Pendulum. 


GENERAL PROBLEM, 


286. T O find the Diſtance of the Center of Oſcillation O of a 
5 Pendulum DABC, from the point of Suſpenſion. 
Draw the linds AP, BQ, CR, perpendicular to DO, and the 
line A perpendicular to the diſtance DA; then becauſe A a, 


will be the direction of the velocity of the particle A, in the Vi- 


bration of the Pendulum, it will be the fame thing, whether that 


particle be fixed in à or A, provided it has the ſame velocity, and 
the ſame direction: and as the velocity of each particle, is as its di- 


ſtance from the axis of Oſcillation ; if Aa be produced towards 
b, ſo that ab- DA, the velocity DA or à b of the particle A, 


conſidered as fixed in a, will be equivalent to the two ac, cb; 


the firſt perpendicular and the laſt parallel to the axis DO of the 
Pendulum, and @ c will be the velocity with which the particle 
A turns the axis ; therefore A x ac will be its Momentum, and the 
Momentum multiplied by by itsdiſtance Da, will give AxDaxac for 
its force. But becauſe PA Sab, and the triangles DAP, abc are 


ſimilar, ac will be=DP ; and by reaſon of the ſimilar triangles DPA, 
DAa, DA will be = DPxDa=Daxac : conſequently Ax DP 


will be the Momentum of the particle A, and AxDA its force. 
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The THINK D Book. 
In like manner it may be proved, that BxDQ , CxDR, are 


the Momentums of the particles B, C; and Bx DB, CxDC, 
their forces. 

But the ſum of the Momentums multiplied by the diſtance DO, 
. ought to be * equal to the ſum of the forces of all the particles 


Therefore Ax DA +BxDB+C x DC-+ G, =D0 


x into Ax DPT . e on Sc. , n 


DO 6; . AxDA+BxDB+CxDC ki &c. 


AxDP+BxDQ_ +CxDR ＋ Sc. 
If the number of particles were infinite, it may in like manner 
be provided, that the ſum of all the particles each multiplied by 
the ſquare of its reſpective diſtance from the axis of Oſcillation, 


divided by the ſum of their Momentums, will be _ to the d. 


ſtance of the Center of Oſcillation required. 


If ſome particles of the Pendulum were placed on the other 
ſide of the axis of Oſcillation, with reſpect to the reſt; then the 
difference of the ſum of the fires of thoſe on one fide, to the 
ſum of thoſe on the other, divided by the ſum of all the Momen- 
tums, will be equal to the diſtance required, 'This 1s a natural 
conſequence from what has been ſaid above, and may be caſi 
proved. 


A 1 RULE 5 finding the Diſtance of the 
Center of Oſcillation of a Pendulum from the ax! 


of Oſcillation. 


Find the Sum of all the produtts of the particles, each a0 
by the ſquare of its diſtance from the axis of Oſcillation, if they an 


All placed on one fide of the axis, or the Difference of the like pri- 


dufts, if placed on both ſides, and divide that Sum or Different 


by the Sum of all the Momentums, the andy will expreſs the Di- 
ſtance required. 


E X. 


Of FLUEN T's. „ 


287. T O find the Dice Ae the Center "of Oſcillation of a Tri- pic. 163. 
angle ABC revolving about the axis TAT, which _— 
thro the 8 A and is tral to the baſe B C. 


bxx# 
We have * ws. 955 the fluxion of the Momentums, and Aft. 271. 


F ſha 
_— x ET for the fluxion of theF orces; whoſe F luent or ſum 


a 
bx+ . 03 
of the Forces 27 divided by the Momentums -— 30 


2 + AE, for the Diſtance required. 


„will give 4* 


EXAMPLE II. 


288. T O find the Diſtance of the Center of Oſcillation of the Pa- 
| 1 rabola BAC revolvi ng about the T, _ TAT * 
70 the baſe BC. 


Fe. 165; 


If a yn be the Equation, we ſhall have ( vd c=) myy*" for * 
| Fluxion of the Momentums, and (yxxxx=) myy3” for the Flux- 
ion . the Forces; the fluent of which or the ſum of the Forces 


i 7: 3m 53, divided by the ſum of the Momentums 1 2 


I + 2 . 
gives n * I, x, 45 che Diſtance required, 
If m be negative; then x = FRY will be the Equation of all 


2 
—3m 


Fie, 152; 


kinds of Hyperbolas with reſpect to the aſymptotes, and - 
will then be the Expreſſion of the Diſtance required, 
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Fi. 170. 


x) for the fluxion of, the Momentums, and a—y" x my yr 


and the Momentums will b 


will be SV -, and dT Z will be the Fluxion 
of the Momentums, and e. Xx XV 2ax— , that of the Forces: 
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BXAMPLE 18. 


289. L E * the Parabola BAC revolve about its baſe BC. 


If AE=a, we ſhall have (EPꝰ A= 2 N (becauſe 
. 


for that of the Forces; the fluent of which or the ſum of the 
75 „ m 
Forces, will be — "£6 — TN + Ip I, 
m 
EN tn ; and 
when x = y” =a, the Forces divided by the — will give 


24 


3m X; for the Diſtances required. 


EXAMPLE IV. 


290. E 5 the Circle AMaM revolve about the kn TT ber- 
pendicular to the diameter a A Fee, and d poralel fo 


the plane of the Circle. 


If Abd, AP=sx, Aa=2a; then the n PM 


cherefore if the fluent of _ 2 or the circular ſpace AMP 


be =z ; then will 4d + 57 5 — 3dy *—Ixy3— 4. 


be the ſum of the Forces, and dz--az—}y3 the ſum of the Mo- 


mentums, becauſe y=y/2ax—xx ; and when x=a ; y will be=o, 


4d 84d 
ant —— 4 _ EE will expreſs the diſtance required. 


L E M- 


LEMMA I. 


291. ET ABa 3e 4 ſemi-circls, CB a radius ere. 

to the diameter Aa, and MPM a parallel to Aa in- Pic. 171. 
ferſecting CB in P: then if from any given point D in the diame- 
ter Aa, a line DP be drawn : the ſum of all the produtts of the 


ſquares D DP each multiplied by the correſpondent f particle M of the 


circular quadrant AMB, will be equal to DC+3 LAC x into the arch 
AMB=c. 
For if AC , C DA CP=a, and the arch AM==; then 


— =, and DP dl han. Therefore 3x DP An 250. 


* aa 


will“ 2 = 


aaꝝx ax 


A Lans; whoſe fluent will be 2 * — —2*4 aa; and 


when S4, then will aa — Xx = o, 4 and coniequently 
aue 3006 will be the product defired. 


LEMMA Il. 


292. IE Sum of the products of all the Squares DP. each each mul- 
tiplied by the correſpondent fuxton (OA = — xx of 


of the . CPMA, will be = dan Is 6h, Suppoſing n equal to 
the area of the oat] 


Let « v we re xx, then the : fluent of (v BF) dd; wx 
will be 2 ' aaa aa -xα, which becomes equal to 


din+ aan, when a=x; becauſe vn, and aa S o. 


Rr 9 E X. 
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EXAMPLE V. 


293. E T the Surface of the Sphere AMaM revolve about the 
L TT. 


If AD d, A Per, PM = =y, Aa = 2a, the circumference 
: AMaM=c, and the arch AM=z; then i be che circumfe- 


rence whoſe radius 1s PM ( ”), and DP = D Therefore the 


| c 
product of all the particles of the circumference . each mul. 
tiplied into the Square of its diſtance from the axis of Oſcillation 


Ai. 291. will ber dd ade fr xx x into = becauſe 2 2a AM 


a x 


41. 250. which being multiplied by the fluxion “ = of the circular arch 


Art. 292. 


AM, gives dd - 2dx-l-ax+ *xx into c & for the fluxion of th 
Forces; whoſe fluent dded-dex 1 zaxx+Ix3 x into c, will become 
2add--44 d , x into c, when x 24. Now this being divided 
by the produt of the Surface of the Sphere zac, multiplied int 
the diſtance CDS of the Center of gravity C of that Surfac: 
34d+ Ga qa 


50 Fr. NJ for the 


from the point of ſuſpenſion D, will give — 
Diſtance required 


K M P L E VI. 
294 L E T the Sphere AMaM revoloe about the axis TT. 


C 


Becauſe JJ = 24X—XX, We ſhall have (2 / 8 => bo 


the Circle deſcribed by PM, and heck DP— =d Fx * 22 200 


cx x 
+ ter-F AA * into Xx — will be the product of all the par- 


ticles of the circle MM, each multiplied into the Sau 
; 


Of FLumNTs. 155 
of its diſtance from the axis of Oſcillation; and therefore dd 2de 


4-24 wot TT x into cx — K. will be the fluxion of the F orces; 
4 1 5 adde dx Z 
. whoſe fluent 24d de- LfA u * — 6 — = x into | 
cn, will become A= add. Er dA ona x into aac, when x, F 
Ce or B Edd. EZ ad-, aa x into 4c, when u 24. Theſe values J 
; being divided, the firſt A by the product of the content of half Y 
5 dne 1 
the Sphere 1 multiplied into the diſtance of its Center of gra- 4 
he vity * d 34; and the ſecond B, by the product of the whole, , PR 5 
5 Sphere * 2 multiplied into the diſtance of its Center of gravity 1 0 
MN, A | 
a CD=d-+9, that i Is, the firſt by _ * A 34 and the: laſt by a 
24a hn FR 2. goadl-2 by. 8 
* ] x da we ſhall have A, Tod _ and B, F 
d, d 17 
1 8 * for the Expreſſions of the Sewers * the Cen- 5 £ 
me ters of Oſcillation of half the * and of the whole, from the :0 
ind boint of — 49 
fact or 
205. E T the Calder: AB ener * the line TT perpen- = 9 
dicular 70 t axis AB. 5 Nen J : 
9 955 the Cylinder to be cut by a plane MPM perpendicu- N 1 
. lar to its axis, and call the radius PM a, its circumference c, 5 NY 
AP =. AD =d; then will 2 dre X — be the fluxion of the [ N 
1 Momentums, and dd 2dx xx 120 x into — that of the 3 
200 Forces; whoſe fluent divided by the 3 gives 1 
| = 124+ 1 
pai 4 
Juare 


256 Pub TAD 860k. 


A's 4. 
Fl 3 forth elſes required of any part 


. 7 2 
| * 


B Leone EXAMPLE vm. 


BU | 5 296, L* T the 71 ht Come EAF revolve about the 2 TT ber- 
Bl p10. 169. ede to its axis CA, . 


| T * Suppoſe the Cone to be cut by a Lai MPM pale to its 
| a and make DA =d, AP =x, PM=y, AC a, CE r, and 
ante the circumference of the baſe = 7 uf the cucle deſcribed by 


the radius PM wil be = =2 , or x becauſe AC: CF: + AP : PM 


Nn 117 3 
e * N 
| 4 : T 2 aa 


—— :75b5 — 3 _—— r 


— will be the Floxion of the Momentum 


rn 
ns Lean, 7 F Tk * into —7— the Fluxion of the 


24a 
Traxx crx 


Forces; the Avent of which 1 2 Ae + „x into — 


20a 244 
er x; 


divided by the Momentum: 241 * —— will | give 


24a 
20. 3 oad-1 222K 
20C0C ad 152 
che diſtance — 


* * n * Ns 8 4 
| , oh Wt”; 2 
* 8 15525 — 22K ˙ — ↄñ — 
der 24k — mm 


when » a, for the Expreſſion of 


LEMMA 1, 


1 bb ReBangle AG ke Biſeted by the Hine BC parallel f. 


its des AF, EG, and if MM. parallel to AE interſett 
CB in p. And "From that point a line PD be drown 10 any given 


point D in .1 the baſe AE ; then the Jum of all the products of the 


wares DP of the lines drawn from the point D to all the points 
52 the line >, each | multipli ed by the correſpondent line MM, will 


be equal t. to DC —+2BCx into the rectangle AG, 


s 297. 


Fic. 1 72, 


For 


of unn en 


For if DC = d, MM = a, BC=6, PC x; then will 
2 x dd- dd + xx xx be the Fluxion of that quantity ; - whoſe — 
ax * 4 K Þ+ Jax K I become ab * 224 26 when #=b, 


„ 


LEMMA IV. 


55. T. E E ſum of all the product of the 8 mm drawn in a 
Triangle ABE W 0 its. baſe AE, each ch multiplied 


| by the Square of the correſpondent line PD, will be =DC +;BC 
xinto the area of Ne * 0 


| ab A 


For paint BC: AE: : BP(b—s): mm = „ tall 


abi— — into a 2 Fe for the Fluxion of that quantity ; þ 


* 5 
Ra r 5 
whoſe Fluent « axX into 44 52 ** — LR will become ab * 


| have 


otdt-2,bb=" x WEB, when l. 


of EXAMPLE Ix. a 
299. 7 E Tt the ri 'ght Pyramid EAL revolve thaw 8 the line TT 


ſes FL of its baſe. 


l ti If the Pyramid be cut by a bs MM red 6 to its baſe, 

ec and the line MM be drawn in that plane parallel to the axis TT 

ven of revolution, interſecting the axis of the Pyramid in P: then if 

the Ap x, MM= y AD d, AC a, FL or EG=b; we ſhall 

. bus 

5 have MM=y= , and therefore 42 x ebb will be the 
Sa: 7 Fron 


For 


perpendicular to its axis CA, and parallel to one of the Fre: 168. 
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* At. 297. Fluxion of the Momentums, ane” dd Ta de x + 7 into 


I g 1 — 4 
, the Fluxion of the Forces; whoſe fluent will be 00 its 
x \þ 2 15 ky x- * 1 — Xx * into a 7 and that of the Momentums will 
1 2 : 
| | 2 | 1 be 34 * ** . Ee when K 1 5 we : hall | have. 
4a | ny. i , for the i. of the e diſtance re- 
E 1 | quired. | 
| : EXAMPLE * 
0 = „ 200. N OW lit the Pyramid revolve about the line TT faral 
| ö 5 lel to one J's its N EL. 
ED | We ſhall have ds F * X Sas the Fluxion of the Moner 
1 Bt : bb x * x 


* 4. 298. tums, and* dd-ade-x x + 5X into * for the Flux- 
jon of the Forces; whoſe Floen will be 3 CAde -i xx + 


F bb © bbs 

j into — ; and that of the M. 

! Joop xx x into — and that of the Momentums will be 
4 bbs 204d + 3oad + 12aa+ 2b 
'$ 74 ＋ 2 T* * Which gives LIST 2 1 
E | 20d I 5a 2 | 

9 when xa, for the diſtance required, ED 

: 4 3 DEFINITION. 


The Center of Percuſſion of a moving Body, is that point of 
the ſame, wherein, if in its motion it meets any obſtacle, it wil 
ſtrike it with the us Force pollible, g 


il 


e- 


en- 


Of Frvents. 


PROBLEM 


301. 0 fd the Center of percuſſion O of tao Bodies A, B, Fic: 17 


conſidered as points Placed any how, and fixed together i in 
a given plane DAB. 
Let the axis of revoluion D be perpendicular to the Scheme, and 


from the points A, B, draw AP, BQ, perpendicular to the line 
| DO, drawn any where in that plane, and A a, Bb, perpendicular 


to the lines AD, BD expreſling the diſtances of thoſe Bodies from 


the axis of revolution, and from the Center O the perpendiculars 


Oc, Od, to the lines Aa, Bb: then it is evident, that if the 


Mamentams of the Bodies A and B, are reciprocally as the di- 

| ſtances Od, Oc, of their directions from the point O, the Fi- 
gure DAB, will ſtrike any obſtacle which meets the fame in the 
point O perpendicular to the plane DO, with the greateſt Force 


poſſible; ſince the quantities of the Forces, being equal on both 
ſides of that point; it will ſtrike the obſtacle in the ſame manner 


as if the whole Force was united in the ſame. 


Therefore, if DA a, DP=b, DB=c, DO d, DOA; 


then the ſimilar triangles DPA, DAa, Oca and DQB, DBb, | 


Odb, will give, DP : DA : DA :De 5 5 „and DQ - DB. 
::DB:Db= £8 ; and fo cOmn— 5 0 Fg Like- 
wiſe DA : DP: : Oa: Oc= —, and DB: Dq : ob 

: Od = — p — . Conſequently if P. J exprek the weights of the 

| Bodies A 1 B; we ſhall have (DAxp)ap : (DBxq) cg: : (Od) 
— Oe) - Fea or DO= N = 7 2 5 Which ſhews, 


Gar if the * Do _ thro the Center of gravity of the Bodies 
A and B, the Center of percuſſion O will be che ſame as the 


Center I O'ullation. 


SECT. 


1 
"= 
"42 
2 
7 5. 
1 
. Ld + 
Wolf: 
: 4" 
T Th 
or; 
15 


Fic. 175. 


Fs. 176. 
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SECTION by 


The Uſe of of Fluxions in the Reſolution of « a Set Col. 
 Teffion of Phyſico- Mathematical Problems. 


In the following Problems, we conſider planes as perfectly 
ſmooth; Bodies as moving in a non: reſiſting Medium; 
Engines without Friction, and Fluids as Bodies whoſe parts 
give way to any ener whatever acting upon them. 


LEMMA I. 


302. F three Powers, P, Q, R, are in abt with each 
other ; the three 2 AB, AC, BC, of a Triangle (ABC) 
which interſebt their DireZions at right angles (/uppoſe in G H, O,) 


wil expreſs the ratio's of thoſe Powers rapes wvely. 


| Let the parallelogram OEAF be made of their directions. 


Now OE, AE (OF) AO, expreſs the ratio's of thoſe 


powers P, Q., R (by Mechanics) z and becauſe of the right 


angled ſimilar Triangles AOB, AGO, and AOC, AHO, 


the angles ABO, AOG will be equal as well as the angles 


Acco, OAE (=AON). Therefore the Triangles BAC, OEA, 


are ſimilar ; ; and ſince the ſides of the one expreſs the ratio's of 


thoſe powers, the ſides of the other will expreſs them alſo, 
* 


PROBLEM 1. 


303. 1 E T either the interior or exterior Curve of 4 Vault or 


Arch be given, to find the other, ſuch that all the Vouſſoirs 


remain in equilibrium. 


Vaults 


Of FLUENTs. 

Vaults may be either generated by the parallel motion of a 
plane AHLd, or by the circular motion of that plane about the 
vertical line CH as an axis. Hence if the interior Curve Ac B be 
given, the exterior Curye HKL, will not be the fame in both 
caſes, For by the firſt formation, the Vouſſoirs AHIb, bI Kc, 
Fc. become Priſms, which will be as the generating planes: and 


by the ſecond, the Vouſſoirs become a fort of crowns, which will 


not be as their generating planes: and therefore the Curves will 
not be the ſame in both caſes. 


| Caſe I. Of Vaults generated by a parallel a motion. 
J Suppoſe the interior Curve AbcdB be given, and let all the 


joints Ib, Kc, Ld, Sc. produced, meet in the ſame point C: 


and from the Centers of gravity, V, X, V, of the Vouſſoirs, let 


the lines VR, XS, YT, be drawn at right angles to the horizontal 
line DQ, drawn at pleaſure, and interſecting the joints in 


E, F, G, Sc. Now it 1s evident, that if DE repreſents the gra- 


vity of the Vouſſoir V, EF that of the Vouſſoir X, and FG that of 

of the Vouſſoir Y ; the line CD will repreſent the Force with which 

the Vouſloir V prefles the Vertical joint HA, CE the Forces with 

which the Vouſſoirs V, X, preſs the joint Ib, and ſo on. For the 
| fide DE of the 'Iriangle CDE, is perpendicular to the direction VR 


of the Center of gravity of the Vouſſoir V, and the fides CD, CE 


perpendicular to the directions Vr, Væ in which the Vouſſoir V 


preſſes the joints AH, Ib, and fo of the reſt. Therefore, ſince the 


ſame line CE, expreſſes the Forces with which both the Vouſſoirs 


X, V, preſs each other in contrary directions, they will be in 


equilibrium. Likewiſe, as the fame line CF, expreſſes the Forces 


with which the Vouſſoirs X, V, preſs one another in contrary 


directions, they will be likewiſe in equilibrium, and ſo of the 


reſt. Therefore if the Curve HIK be ſuch, that the ſpace AHI b 


be always equal to the correſpondent Triangle CDE, it will be that 


will be as the baſe DE. 3 
Now becauſe the circular Sectors deſcribed by the radii CE, 
Cb, CI, in the fame time, are as the Squares of thoſe radii, and 


3 required; becauſe the height CD of the Triangle is given, its area 


— 


ſince thoſe Sectors are * as the Fluxions of the Spaces CD E, 


1 — 2 2 


CAb, CHI ; we ſhall have CE =CI —Cb, or CI CE- Yb. 


” ih When 
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When CI becomes = CH, Cb will become CA, CE = = CD, 50 


— 2 — 2 —_ 


and CD=CH—CA, therefore if the height CA and the thick- 
neſs AH of the Vault are given, the line DQ will be given in 


poſition, and conſequently, it CE be taken ſucceſſively equal to 


given lines, the radius CI will be given alſo ; by the help of 
which the exterior Curve HIKL may be deſcribed. 


" Ih Suppoſe the joints produced, do not meet all in the ſame 
point, but are always perpendicular to the interior Curve. Produce 
the joint MN taken at pleaſure, ſo as to meet the Evolute of the 
interior Curve in D, and from any point d of the vertical joint 
HA, draw the indefinite line dQ parallel to the horizon CB, 


and from C the line Ce parallel to the joint NM. Now it 


may be proved in the ſame manner as before, that if the fide de of 
the Triangle Cde, expreſſes the gravity of the Vouſſoir AHMN, 


the two other ſides Cd, Ce will expreſs the Forces with which 


that Vouſſoir preſſes the joints AH, NM ; and therefore, if the 


A.. 194, 


#® 4}. 200, 


Area AHMN be equal to that of the correſpondent Triangle Cle, | 
the Curve HM will be that required. 

But becauſe the angular motion of the lines Ce, DM, is always 
equal by ſuppoſition, the circular Sectors deſcribed by the radii 
Ce, DN, DM, will be as the Squares of thoſe radi ; and 


therefore DM — DN = Ce, or DM = Ce 4+CN. Which 


ſhews that the difference in the two Caſes is, that Cb expreſſes 
any radius drawn from a given Center in the former, and DN 


expreſſes any radius of evolution in the latter : conſequently if 


the interior Curve 1s given, the radius of evolution drawn from 


any given point * may be found, and fo the Curve HM may 
be deſcribed. 


If ANB be an Elliptical quadrant, BC one of its s Semi-axis, 
and CA the other ; then if the part KN of the radius of evolution 
terminated by the axis CA, be = c, and the parameter of the 


Semi-axis CB, =þ'; we ſhall have * DN = —, 


joy, WW. ww 0 


fe 


* FLUENTS. 


Caſe II. of VAULTS generated. by « a Circular 


Motion. 


if F the Surface deſcribed by the line EF, expretics the gravity pio 


of the Vouſloir generated by the rotation of the Space bIKc, 
about the axis CH, the Surface deſcribed by the line CE, or CF, 


in that rotation, will expreſs the Force with which the adjoining | 


Vouſſoirs to the joint b or cK, preſs each other in contrary directi- 
ons. For if the line EF expreſles the gravity of the generating 
plane bIKc, the lines CE, CF, will expreſs the Forces with 


which that plane preſſes the joints bI, cK: and therefore the 


Surface deſcribed by EF, will expreſs the gravity of the whole 


Solid generated by the figure bIK c, as likewiſe the Surfaces de- 
ſcribed by the lines CE, CF, will expreſs the preſſures of that 


Vouſloir, againſt thoſe adjoining to it, The fame thing may be 


proved with regard to any other Vouſſoir. Conſequently if the Curve 
HIK be ſuch, that the Solid generated by any Space bIKc, be 
always equal to the Solid generated by the correſpondent Tri- 


angle CEF in the ſame time, it will be that required. 


But becauſe the circular Sectors CEo, CNn, CMm, deſcri- Pic. oY 


bed by the radii CE, CN, CM, in the fame time, are as the 
Squares of thoſe radii ; ; and as the fluxions of the Solids ge- 
nerated by the rotation of the Spaces CDE, CAN, CHM, about 
the axis CH, are as thoſe circular Sectors, each multiplied by the 


circumference deſcribed by its center ofgravity, or becauſe the cir- 


cumferences are as their radii, if y, x, u, are the Centers of gra- 


vities of thoſe Sectors, and the lines yr, xq, up, are drawn at right 


angles to CA; the fluxions of thoſe Solids will be as CEoxyr, 
CNnxxq, CMm x up. But fince Cy: yr: Cx:x9q; Cu 
: up; and the diſtances Cy, Cx, Cu, are as the rad, CE, 
CN, CM, thoſe fluxions will be as the cubes of the lines CE, 


CN, CM: Therefore CM — CN EE; or CM =CE LON. 
When CM= CH, CN will become = CA, CE==CD, and 


CD = CH—CA. Therefore if the thickneſs of the Vault at 


the vertex is given, the line DQ will be given in pofition, and 


conſequently the Curve * may be deſcribed, 
II. Sup. 


* rt, 279. 
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IT. Suppoſe that all the joints produced, do not meet 


in the fame point, but are perpendicular to the interior Curve. 


It is evident, that if we retain the ſame Conſtruction of the fi- 


gure 177, by the ſame way of reaſoning as in the firſt caſe, we 


Fi. 176. 


ſhall find that if DM=DN-+ Te; the Curve HMZ deſcribed by 
means of this Equation, will be that required. 


nt ARYL 


304. IN the parallel motion, if the interior Curve becomes a right 


1 line parallel to DQ; we ſhall always have CD: CA:: CE 
eg . I 


: Ch = 8 and therefore C12 CE b Will become 


CI 7 CAD: and becauſe all the lines except CE, are 


c 
given, the ratio of CE to CI will be given alſo, conſequently the 


exterior Curve will be a ftrait line parallel to DQ in this caſe, 


"Fare. 178. 


And in the circular motion, if the interior Curve ANB becomes 


a right line; then will always be CD: CE: : CA: CN = 


CAxCE ns CE —— — ._. 5 
Rd : and therefore CM — TD CAD; which ſhews 


that the exterior Curve becomes likewiſe a right line. 


Fic. 179. 


A Conflruftion of ſome Vaults generated by a Paralle 


Motion. 


Caſe 1. Let the interior Curve AB be a circular Quadrant de- 
ſcribed from the center C, and with the radius CA, and ſuppoſe 
AH to be the bigneſs of the Vault at the vertex; then if BD be 
made CH, and from the point D the indefinite line D Q be 
drawn at right-angles to CA; and after having drawn ſeveral ra- 
dii CI, CK, CL, Sc. interſecting the line DQ in E, F, G, Cr. 
you make cne of the legs of a right angle acg, as ca cqual to 
CA, and you take upon the other ce=CE, cf = CF, cg = 
CG, &c; then making always Cl=ae, CK = of, S 

the 


et 
. 
. 


VC 


one of the legs of the right angle g co, the 8 cm = 


Of Fivuznts. 
the Curve paſſing ro! the points H, I, K, L. Sc. will be that 


required. 


For becauſe CG = BC, and CH = BD, we ſhall have CD = _ 


CH—CA = =BD —CB. And ſince ca=CA, Cem CE, 7. — 


0 will be = CE SCA. 


Caſe 2, Let the interior Curve AB be a circular arch deſcribed * * 180. 
from the center C, with the radius CB or CA, and let the part 


AH of the radius drawn from the center C thro the vertex A, ex- 
preſs the thickneſs of the Vault in that place. Upon CH as a dia- 


meter deſcribe the ſemi- circular circumference HMC, make CM 
=CA, and CD HM; and draw the indefinite right line DQ 
parallel to horizontal line CB: then after having taken upon one 

of the legs of a right angle a cg, ca=CA, and upon the other ce 


CE, cf CF, c g=CG, &c. , you make always CI ae, CK 


. CL ag. Ge,, the Curve- line HIK, will be that required. 
Fc or becauſe CM=CA, and HM=DC, Dc will be =CH— 
CA: « and ſince ca=CA and ce CE, ae=Cl will be = . CE 


TER. 


Caſe 3. Let the interior Cues ANB be an elliptical Quadrant, Fic. 177; 
and the) joints MN, &c, be perpendicular to > Ellipſis, and in- 


terſecting the axis CB i in K, Se.; then if © = = b, and C 4 = 


15 I —bb and the indefinite line d Q be drawn perpendicu- 


lar to AC; and after having drawn the lines Ce, &c. parallel 
to the joints MN, Sc. meeting d FO 6, &c, if you take ake upon 


KN KN Sc. 


and -upon the other the parts ce Ce. &c. and you 7 OM 


always MN =me—cm, &c: the Curve patling thro all the points 
H, M, Sc. will be that required. 
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For becauſe | 1 == 25 & ven the radius DM coincides with 
CA, then will KN (=c) = CA, dF —_ =b: KO 
therefore DM will become =b + AH, and Ce = = Cd = 


e- -. 


VFEAR—bb, and finee emen TE Fo ce Ce, em will 


. 
be = GT, and em—cm=NM= = 5 55 or NM 
#7? A 5 
-— = DM 2 DN, == Fe 
* 75 = DM= c 55 becauſe DN = 7 


PROBLEM II. 


3 0 5. * E 7 BB be 4 Piece of wood placed W and ſuf- 


ported by the pieces AB, AB, which make a given 
angle AB with the former ; it is required to find the Poſitions 9 


co other pieces AC, AC, given in length, ſuch that they ſhall 2 


Fort the piece BB with the greateſt force poſſible. | 


We ſuppoſe that the pieces AC are fixed in A ad Cin ſuch 


a manner as not to ſlip, and we neglect their gravity. 
If BH be =ZAC, and from the points A, H, the lines A G, 


HK, are drawn at right angles to BB : then if AC expreſles the 
abſolute ſtrength of the piece AC, AG will expreſs the ſtrength 
with which it ſupports the piece BB: and therefore AG mult. 
plied by the lever BC of the piece AC, ought to be a Maximun. 


Now if Ac ga, HK n, KB=m, AG= x; then will GC = 
4/aa—xx, and becauſe of the ſimilar . HKB, AGB, ve 


| ſhall have HK : KB: AG; GB = = =; ; and ſo BC =/a0—= 


7 „ 


'——x, and AGxBC =X V N. 5 xx ; whoſe Fluxion being 
1 — 


ſup- 


bw, 


ill 


tion, we ſhall find y= — 


ſuppoſed o, will give & Ve . — 4s i * 
ada — & 1 

Hence we get aa Tano, becauſe (BH: RK) 

Ann FAmm aa: and the ſquare root of this Equation will be 


7 bc 


xx—] c Kam: So; and ſo x z am. 


COR O1 1 any I. 


306. 1 F we ſubſtitute for 4 its value 15 daa Fam into the E- 


e ee mm 


quation y= X/aa—=xx — — Xx, we {hall find = 


2ann aan, 
2N 


be likewiſe = = 0, ; the firſt value 7 = 


Now becauſe when x = o, y will 


2ann—aam + 2amm. 


2 
2ann —@aam — 24mm 


will be# * rt. 1837 


a Maximum, and the Gcond y = = — — — a 1 


21. 


mum if poſitive, or a Maximum if negative For that Expreſſion 5 


cannot from poſitive become negative without becoming=o ; and 
therefore the Minimum between thoſe Maximums is =o, 
If the angle ABC inſtead of being obtuſe, were acute and the © 


3 complement to this ; ; we ſhall find y= Ude; , whoſe 


fluxion being ſuppoſed = = © will give the fame value for as . 
fore; and ſubſtituting for x its value /3aaam into that Equa- 


2ann— aam F.2amm 
E 3 _ = : The firſt value 


2ann+ — 


J=m— will 'E a Minimum, and the ſecond 


21 


_2 Saam 2mm „„ = Y 
2ann-, = I 24mm a Maximum. Conſequently (* 
'H | | 


aa am will be the Expreſſion of the fine AG of the angle 
ACG required, when the angle ABC 1s obtuſe; and (x=) 


: va Fam, the Expreſſion of the fine of the angle ACB, when. 


gh 
£ 
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the angle ABC is acute and equal to the Complement of ABC to 


two — ones. 


Co K O l. LAN V II. 


Ecauſe the ſum of the Squares of the Sines of any two 
angles, whoſe Sum is equal to a right angle, is always 


307. 


equal to the Square of the radius; the angle whoſe fine is 


V #aa—am will be the Complement of the angle whoſe ſine | is 


aa am, to a right one; ſince e- m a , d. 


If the angle ABG be 60 degrees, then will BK ( = m) r 4, 


and AG=x= = Jag—amas+ a. Therefore the angle ACB wil 
be 3o degrees; and conſequently if the angle ABC 1s 60 de- 
grees, the angle ACB will be likewiſe 60 degrees. 


But if ABC be a right angle, „= KB will be equal to o, and 


 AG=x=y , Es the angle ACB will then be 45 de. 
green 0 


PROBLEM III. 


308. 5. L. E T AG * a Piece of wood of an indefinite length, ani 
fixed in A, ſo as to make a given angle GAD with the by 
ri 20a 2 AD: it is required to find the Poſition of another pie 


DE given in length, ſuch that it (arias Pee" the piece A G wit) 


the greateſt Ae poſſible. 


lf AC= 10, the perpendicular CB to AD, n, AB m; and 
if from the point D the line DF=x be drawn at right angles to 
AG: then if DE==a expreſſes its ſtrength, when preſſed perpendi- 


cularly, DF will expreſs that with which it ſupports AG; there- 


fore DF multiplied by the diſtance from the Fulcrum A, that 1s 
by the lever AE, ought to be a Maximum. But becauſe of the 


n triangles ACB, ADF, we 1 have CB: BA: DF: FA 


= I; ; and fo AE = Dae x (becauſe F FE=z a 


ol 


of FLUENTS. 169 
Ind AE x DF N 6er Lu: whoſe Fluxion being 


ſuppoſed =o, will give x=/Zaa Tam, which i is the fame Ex- 
preſſion as in the preceding Problem. 


COROLLARY. 


209. 1 the angle ADE inſtead of being obtuſe was acute ;. 
then the Sine E wall fall between the points A, F, and 


AExDF == ae, whoſe Fluxion being ſup- 


poſed =o, will give the fame value for x as before. Therefore 1 


| I;a+am will expreſs the Sine DF of the angle DEF in either 
| Caſe : ſince that value of x will give a greater value for y, than 


| 7 . aam 2amm . 
any other. And becauſe y= _— * 3 1t is evident 


that the poſition of DE is more advantagious, when ADE is 
an * angle than when it is acute. 


PROBLEM. IV. 


310. T ET ABCD be an inclined plane, on which a cubic Box _ 

LT open at top, is drawn uniformly by a given Pow- 

er P in a direction parallel to the plane AC: it is required to find 

the angle BAK, contained by that plane and the horizontal line AK, 
ſuch that the Power P ſhall draw out of a ns es R, * Water 


| that is poſſible in a un time. 


Fe, 183. # 


If the height KB of the plane is given; then the greater the 
| angle BAK is, the ſhorter will be the inclined plane or the way 
of the Box, and if EFNV 1s the level of the Water, then the 
| greater the Priſm ELGHNV or only its altitude GF (becauſe the 
| other dimenſions are given) is, the more Water the Box will con- 

tain, Therefore the product of the ſine of the angle A multiplied 
by the altitude GF 2 the priſm, ought to be a Maximum. 


1 Now 


170 The TIR D Book, 

= Now if from the center B with the radius B K, the circular 
= arch Km be deſcribed, and the line mp be drawn perpendicular 
I 5 . to KB; Bp will be the ſine of the angle Bmp = angle B BAR. 
_ _— But if BR=Bm==9, Bp=x, EI=IG=1 ; mp will be-] = = xx. 
and becauſe of the ſimilar triangles m pB, E IF, we have m p: 


0 x 
pB:: EI: ra therefore FG=1— nm, 
f 
and pB x FG=x — == : whoſe fluxion being ſuppoſed 
e will give $7 = ST = 6, hens ve 6e 


| 4 | | 4 
aa—xx* Sd .. If a=to; then will x be nearly equal to 
17 4.123 1: and therefore, the angle whoſe radius and ſine 
are as 10 to 4.1231, will be equal to 24 degrees and 21 minute; 
BVBangle BAK. 
* 41. 181. It is evident that the value found for x, * makes 5 = * 
* 


ba Maximum. For * and y begin both together to in- 


vVaa—xx 
creaſe from nothing, un antil x becomes =4-1231, then decreaſes 


1 till x becomes = aa, when y is o again, and then con- 
14 tinues to increaſe negatively ad infinitum. 
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PR OB L E M V. 


ET AD be the breadth of a River ; it is 3 f 
find the Poſition of the Gates AE, ED of a Sluice, ſuch 
that they ſhall refift «pat the Preſſure of the 2 ater with the great- 


eft force Paſible. 


| Upon A D as a diameter deſcribe the ſemi-circular Circumfe- 
rence ABD; then the radius BC drawn thro' the angle E, wil 
be perpendicular to the line AD; and if from the interſection M 
of one of thoſe Gates produced, with the circumference, the 
Chord MD be drawn: then becauſe the reſiſtance of the Guia 

diminiſhes 


Fic. 184, 311. 


vr tr 


diminiſhes in the ſame proportion as the 3 of the Water in- 


== the Square AM , will expreſs the ſtrength of the 


AE AD 


Gate AE; ſince that Square increaſes in the ſame proportion as 
the ſquare AE (which expreſſes its reſiſtance) diminiſhes 
But the Gates preſs each other with more or leſs force, in pro- 
portion as the angle AED is greater or leſſer: Therefore if EF be 
drawn at right angles to AE, and FH perpendicular and FG pa- 
rallel to the radius BC, and if FG expreſſes the reſiſtance of the 
Sate AE; FE will expreſs the reſiſtance of CB againſt the Gate 


AE in the direction EF; and becauſe that reſiſtance or force is 
equivalent to the forces FH and HE, the former perpendicular and 
the latter parallel to BC; it follows, that FH expreſſes the reſiſt- 


ance of BC againſt AE in a perpendicular direction. Therefore 


FH x AM ought to be a Maximum. J 
If AD=4, DM =x; then will AM =4aa—xx ; and becauſe 


of the ſimilar triangles ADM, AEC, FGE, EFH, we ſhall 
have AE: AC:: FG: EF and fince both the lines AE, FG ex- 
preſs the reſiſtance of the gate AE againſt the water, FG will 


be=AE and EF=AC=3a: But AD: DM:: EF (= ): FH 


= Ex ; therefore FH x AM: = 2x x aa—xx. Whoſe fluxion be- 
ing ſuppoſed = o will give aa gx O or aa—3xx=0, and 


„ „aa. Which ſhews that the angle DAM ought to be 3 5 de- 
grees and 16 minutes. 3 


| 6 . 2 aax —x* 
It is manifeſt that the value found for x makes y = ——— 


2 
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* a Maximum. For * and y begin both together to increaſe from » +. 181. 
| nothi Do, 
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nothing until x becomes equal to / J, then y begins to de- 
creaſe till x becomes S, when y iso again, | : 


PROBLEM VI. 


316 Aving given any Engine moved by a Fluid as Water, 
Wind, Flame, &c. and ſerving to elevate any Weights : 
required to find the Charge of that Engine, ſo as to produce the 
8 Effect poſſible in a given time, © ; 
1 | Let GFH be a trundle, fixed about the axis A of a wheel 
{ KC moved by a Fluid in a direction QB; and let the ſpindles 
1 of the trundle, be taken by the cogs of a ſpur wheel RHM about 
| | the axis L of which, is fixed a Cylinder NIO, which Cylinder 
| ſerves to wind up the cord NP ſuſtaining a weight P. Now if 
AB expreſſes the diſtance of the center of motion of the pallet B 
from the center of the axis A, and AH, HL, the diſtances of 
the point of Contact H of any of the ſpindles and cogs from the 
centers A, L; it is known in Mechanics, that if the weight P, 
be ſuch as to keep the Engine at reſt, the product of the radii 
LI, AH, of the Cylinder NIO and of the trundle GHF, mul- 
tiplied by the Weight P, will be equal to the Product of the ra- 
dit LH, AB, of the ſpur wheel HMR and of the great wheel 
CTK, multiplied by the force with which the fluid ſtrikes the 
pallet B. Therefore, if AB=a, LH =I, AH=c LI=9d, and B 
expreſſes the force of the fluid, we ſhall have in caſe of equili- 
brium (B x ABx LH=P x AH x LI) abB=cdP. ne Ros 
If we ſuppoſe the weight P diminiſhed fo that the Engine may 
move; then if the velocity of the fluid be v, and that of the center 
of motion of the pallet B, x; it is plain that the fluid will ſtrike 
the pallet B, only with the difference v—x of thoſe velocities ; 
and if we imagine a weight z to be applied inſtead of P, 
3 4 IE ſuch that it reſiſts againſt the force, when the fluid ſtrikes the 
1 pallet B with a velocity v—x ; then becauſe the force of the fluid 
| is as the ſquare of its velocity multiplied by the product of the 
os pallet 
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A eco RR „60 


1 
5 
EE 


. 
pallet and the number of particles, which ſtrike at a time; and 


the number of particles as well as the Surface of the pallet B, are 


here given; the ſquare of the velocity v—x will be the fame with 


regard to the weight z, as the ſquare of the velocity v is with re- 


gard to the weight P; and as the levers are likewiſe the ſame in 
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both caſes, we ſhall have vv : v-& :: P: z, or zvv=Pxv—x: : 


— P- 
hence vy/z=vP =, and x = ——p—. : 
Again, the product ab of the radii AB, LH, will be to the pro- 


. This velocity being multiplied by the 
3 82 : edu SP—Vz wy „ | 
weight x, will give —— x —p— for the exponent of the 


effe& of the Engine. Conſequently if z be variable and 
the reſt of the quantities conſtant, and we make this expo- 


| nent a Maximum; we ſhall have ſuch a value for the weight 


2, with which the Engine being charged will produce the greateſt 


1 1 1 = 
give 2X /P—y/2——-=0, or 2/P2—32=0, and ;P=z, 


Which ſhews, that if the Engine be firſt charged ſo as to remain 


duct cd of the radii AH, LI; as the velocity x of the center of 
motion of the pallet B, is to the velocity of the weight z, = 
cd cdu SP—vz 


effect poſſible. Therefore its fluxion being ſuppoſed =o, will 


juſt at reſt, and afterwards only with the 4ths of that charge, it will 


produce the greateſt Effef# poſſible. 
If 2 begins to increaſe from nothing, the Expreſſion 
P- | 


cdu 


ab 


p begins likewiſe to increaſe from nothing, until x be- 


comes =2P, then it decreaſes till z is =P, when that Expreſ- 


| fion is nothing again. Therefore the value found for z, will * 


cdu P—vz 


—— „ ga Maximum, 


Yy | — 


* Art. 181. 


5 n 6 * FI * 2 b 7 * enn 
* 5 + 4 — „ r 
1 9 
] * 
8 . = = 
2 "Oi . 55" 
nu W As. ee, Arete ee er 
__— 
N =_ 
3 4 


= EY - 0% #46 1 
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_—_— 
= ww * 4 
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on. 3 Dividing the * 


pendicular CX to its direction BE; therefore CAXA=CX x Q, 
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3 13. H Ence 1. ſubſtituting for & (=?P) its value i into 


— dvP 
. 7» e ſhall have 2 


rely _— for the exponent of the Engine in its greateſt 


| 3 d does WER 
perfection. 20. Subſtituting for its value ap into x Op 2 


27ab or (becauſe 


we ſhall have x v. Which ſhews, that be velocity (x) of the 


center of motion of the pallet B, will be equal to the third part of 
the velocity v of the fluid, when the Engine is in its greateſt Perfecli- 


4 P 
5 — of the effect of the En- 


cd u 


gine by the weight 7, we ſhall have 30 for the velocity of the 


weight 2 (P). 


PROBLEM vn. 


3 I 4. 1 ET the line CB of a given thickneſs, be turned about the 


point C as a Center, by a weight Q tied to a firing 


Q EB, 2515 paſſes over a Pulley E, and 1s fixed to the extremity 
B; and let. the per pendicular 41 Hance CE of the pulley E from the 
Center C, be CB; it is required 10. to determine the weight Q, jo 
4s to keep the line CB when placed in an horizontal Situation, in 


Eguilibrium, 29. to find ſuch a Curve KLM, that in whatſrever 
poſition the line CB may be, the weight Q — in that Curve ſhall 
remain in equilibrium with that line, 


If CA be= AB, ſo that the point A be the Center of gravity of 
the line CB, in which we ſuppoſe to be united the whole weight of 
that line. Now it it is known in Mechanics, that in caſe of 
Equilibrium, the weight A multiplied by the perpendicular CA to | 
its direction, will be equal to the weight Q multiplied by the per- 


that 


Of FrvenTs. 


that is, the weight Q, will be to the weight A, as the fide (CA) 
of a Square, is to its diagonal (CX). 5 F (Ht 


If K be the place of the weight Q, when the line CB is in an 
horizontal poſition ; and L another place of the ſame weight, when 


in any other poſition as CH; draw L a perpendicular to CE, and 


from the Center of gravity m of the line CH, draw mp perpen- 
dicular to the horizontal line CB; then it is evident, that if 
the weight A multiplied by its perpendicular aſcent pm, be equal. 


to the weight Q multiplied by its vertical deſcent K a, that is, if 
pmxA=KaxQ,; thoſe weights will be in equilibrium; and be- 
cauſe CA: CX: : Q: A, we ſhall have 
But whilſt the point B deſcribes the circular quadrant BHIE, the 
Center of gravity A will deſcribe the quadrant Am no; therefore 


if the poſition CH of the line CB is given, the aſcent pm will 


be given, and conſequently the deſcent K a of the weight Q: 


and ſince the ſtring or chord BEQ or HEL is given, the line 
EL and conſequently L a are likewiſe given. And therefore the 


Curve KLM may be deſcribed. 
LEMMA II. 
H E Force with which any Fluid ftrikes a Plane or 
line DN in an oblique direction KC, will be to the force 
with which that Fluid would ſtrike the ſame ina perpendicular dire 


Radius. © 


About DN as a diameter deſcribe the circular circumference 
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pmxCX KAN) CA. 
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ion, as the Square of the Sine of the incident angle K CD is to the 


DKBNA, draw the diameter AB perpendicular and DP parallel to 
the direction K C of the Fluid; then if the radius K C expreſſes 


the Velocity with which the Fluid would ſtrike AB, the perpendi- 
cular KE (SPC) will expreſs the velocity with which the Fluid 


ſtrikes the plane DC; and ſince the number of particles which 


AB to 2PC, or as AC to PC, and the force of the fluid is as the 


would ſtrike AB at a time, is to the number which ſtrikes DN, as 


ſum of the products of all the particles each multiplied by its velo- 


city : it follows, that the Square PC ( = KE) of the ſine of the 


incident angle KCD, is to the Square AC of the radius, as the force 


with 
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. 4. 315. 


: 3! 16. - Nequal Planes DN, rs, unequall inclined to the di- 


the proach of thoſe planes each multiplied by the ſquare the of 
fine of its incident angle. For let the plane rs be biſected by 


p 
be drawn perpendicular to AB, ſo that pC be the fine of 
the incident angle K Cd: then if P expreſs reſpectively 


clined, are ſtruck by forces proportional to the ſame planes. The here- 


fore d C: r C: R and multiplying orderly, d Cx PE, or 
pc: e . 


317. gd nd the Angle which the plane of the Saik E, F. of 


to expreſs the force with which the wind would ſtrike the Sails in 


angle of incidence DBC, will expreſs the force with which the 


the laſt parallel to the axis AB ; and therefore L H will be the 
force with which the wind compels the Sails to turn, 
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with which the F luid ſtrikes DN, is to the force with which i it 
would ſtrike AB. 


Corollary, 
rection of a fluid, are ſtruck by forces proportional to 


the center C, and from the interſection of that plane, pro- 
duced if neceſſary, and the circumference the line d 


the forces with Which ich the planes De, dC, IC, are ſtruck : we 
ſhall have * PC : p pPC::P:Q; But unequal planes equally in- 


PROBLEM. VI 


indmill ought to make 1070 the axis AB, þ that a 
wind plowing uniformly in a direction bd parallel to the axis, _ 
make it turn with the greate eft fenden. Paſfble. 5 
Let CBD be the angle, which the Sails ought to DN RY 
the axis AB, or with the direction of the wind, and ſuppoſe BD 
a perpendicular direction; then the ſquare DL of the fine of the 


wind impels the Sails in an oblique direction. But the force DL 
1s equivalent to the forces LH and DH, the firſt perpendicular and 


Far- 
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Pickle DL i is to LH or BD to BL, as the force Pl.! is to the 
BL x DL 


fob 4 with which the wind compels the Mill to 


BD 
turn, which ought to be a Maximun. Now if if BD Sa, BL 


BL x PI. aa 


ERS, 
whoſe fluxion being ſuppoſed =o, will give aa%—JXXX=O, or 

aa==3x%x ; and x aa. Conſequently the angle BDL is 3 5 * 

and 16 m. and the angle ſought DBL= 54d. 44 Us 


; then will DL =AA—XX ; therefore 


PROBLEM IX. 


177 


318. T ET BC be the Stern of a Ship moving forward in Pio: 18g. 


a direction BC; it is required to find the angle CBA 
or LAB, which the Rudder AB ought to make with the Stern, ſuch 


| that the water ſhall compel the Ship to turn with ne Fus foift- 


neſs poſſible. 


It is evident, that it is the ſuns, whether the Ship moves for- 


ward in the direction BC, or the water ſtrikes the Rudder in the di- 


rection CB. Therefore if AK expreſſes the force of the water in a 
perpendicular direction, the ſquare of the ſine KD of the incident 
angle KAD, will expreſs the force in the oblique direction LA; 

and becauſe the force KD is 


DR 


the fo roe D with which the water compels the Ship to 


turn. Therefore if f AK AD=x; then will KB au, 


and AD x D aa, : which being made a Maximum, that 


KA 4 
is, its fluxion being ſuppoſed So, will give aa — 3 XX X=0, or 
2 * > a 


equivalent to the forces DH, KH, 
the firſt perpendicular and the laſt parallel to the direction n of the 


Ship; DK will be to DH or KA to AD, as the force KD; is to 


= 
4 
% 4 
4 
4 
9 
5 
„ 
A 
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* VI. Conſequently the angle AKD will be 35 d. 16 m 


and the angle ſought KAD, 54 d. 44m. 


It is evident, that if the Rudder makes an angle (of 12 5d. 16m.) 
equal to the Complement of the angle 54 d. 44 m. the water will 
ſtrike the Rudder with the ſame force as before. The ſame thing 
may be ſaid with reſpect to the fails of a Windmill, 


PROBLEM X. 


319. T O find the Expreſſion of the Reſiſtance of Figures moving 
-?! 8 3 2 

| Suppoſe a Fluid to ſtrike the Curve- line AMB in the direction 

LP, or the figure to move forward in the direction PL: then it 


in the tangent at M, you take Mm equal to the fluxion of the 


Curve, and you draw mr perpendicular to ML and mL to mM, 
* mr=x will expreſs the fluxion of the abſciſs CP, and Mr 
= that of the Semi-ordinate PM. Now becauſe the force 


of each particle of the fluid in a perpendicular direction, i: 


to the force in the oblique direction LM, as the radius LM 
is to the fine Lm of the angle of incidence; or by reaſon 
of the ſimilar triangles, as Mm to mr. Therefore the force with 
which the particle M of the Curve is ſtruck, will be as Lm 


| — (by ſuppoſing the abſolute force = 1 .) But the force Lm i 


equivalent to the forces Lr, mr, the firſt parallel and the laſt 


perpendicular to the direction of the fluid. Whence if Lm: Lr 


or mM: mr 1 7 Lr; this fourth term; will be as 
the reſiſtance of the particle M in the direction ML ; and if Lm 
rm or mM: Mr : rmx, the fourth term 8 will be 


as the reſiſtance of that particle in the direction mr or CB. 
If theſe reſiſtances are multiplied by the fluxion mil x, we ſhal 
Man 17 WET * bw Wo 
have, rm = 2, and Lr = IT for the fluxion of the reſiſt- 


ance of the arch AM. Therefore the fluents of which will give 
the Expreſitons of the reſiſtances required. 


on 


26. 
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CORKOLLAKNY, 


cumference; then will — — 


c * 


| C | | | | | : | OLE | n , 
* expreſſes the conſtant ratio of the radius to its cir- 
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+ the circumferences, 


whoſe radii are PM and CP. Therefore the products of the 


circumference 2 , multiplied by the fluxions of the reſiſtances, 


will give =, 


or BC, and - — „s that of the reſiſtance in 1 the direction LP or 


421, 


CX 


du ne 0 


Cx * 


A will give 2 


EXAMPLE I. 


ET the figure be a Triangle DAB, moving in a direct- 
4 ion PL perpendicular to the baſe DB. 
drawn at right angles to DB, and if BP = x, BC = a, CA=6b, 
BA= A; the ſimilar triangles BPM, BCA, will give BM=z 


8 


Cc 


255 


= 3 


If AC be 


5 . the fluxions of the refiſtances of the 
Surface generated by $0 rotation of the arch AM about the axis 


AC, viz. r the fluxion of the reſiſtance i in the direction rm 


AC. And the circumference 4. multiplied by. the Auxions 
Jax. 


27, for the flaxions of the refiſt- 
ances of the Surface ge a 1 the rotation of the ſame arch 
AM about che axis CB, in the directions rm or * and LP or 


AC. 


F 10. 191. 


x3 60 
28 and fo & = =—. Therefore 2 = 77 T be the fluxion 
of the reſiſtance in the direction PL; whoſ fluent will be £ = 
and 
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— 
\ , 


” CB 
and when BP BC, (Sa), we ſhall have 4 ==, for the 
94 BA 


reſiſtance of the fide AB: and by the ſame reaſon DC will be 


| 5 
| „„ % pc 
che > a of the fide DA. Therefore the Sum © 3 4 2 5 
3 PA 
ail expreſs the reſiſtance of the whole trian gle in the direction 


Tk 
|  Ifthe triangle be equilateral, BC will be =DC= =2AB= DA, 
and DB will expreſs its refiſtance, which therefore | is to the re- 
ſiſtance of the baſe DB, as unity is to 4. 


EXAMPLE IL 
3 22. E T the Conic-ſurface generated by the rotation of the 
3 line BA about the axis CA, move forward in the di- 


c Nacxx 


retion PL: then if BC =a=r, we ſhall mavel- —=z7 == 
7 7 


ac 


for the fluxion of the reſiſtance ; whoſe fluent will be 2 _ 


ca 


aka * , we ſhall have 7 7 for the reſiſtance of the whole 
 Conic-ſurtace. Which therefore is to that of the circular baſe 
(=) deſcribed by CB, CB (a9) i is to AB (40). 


EXAMPLE III. 
C7 6. 190. 323. 1 T the Curve AMB be a circular quads, CP=u, 
PM=y, CB=CA=a; then will & = wy = andx=u; 


and 


he 


le 


=j* x 


Of FilugNTs. 
and if aa, we ſhall have (EE SIE aaui—u 1 


(becauſe aa—uu=yy) ; whoſe fluent — — X Ie 3 2— "7 1 . 


preſs the reſiſtance in the direction PL of any part of the Surface 


generated by the rotation of the arch AM about the axis Ac; 
and when 2 = (CPS CB), we hall have 3 ac for the reſiſtance 
of the whole durface: which therefore is to the reſiſtance of the 


circular baſe 7 deſcribed by CB. in that rotation, as unity 


is to 2, 


EXAMPLE IV. 


324. Lr AMB be an n elliptical quadrant, CP=y, PM z, 
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the firſt Semi- axis CA a, the ſecond CB=7, pf Ha will* * 4. x) 


| aayy u u be the Eq gation of the Ellipſis; and becauſe * y, 


. 


we ſhall have 22, (== ) for the reſiſtance of the Surtace 


generated by Pkg rotation of the arch AM about i its firſt axis C A. 
But the Fluxion of the Equation a@y y=aa—uu will be ag y J 


4 2 . 3 
. 4 e and - joy. 222 


W 1—y 
IT4dyy 


5 — 


S or ſuppoſing Ai 


WI. 8 = f 
85 Yy e 
. Therefore the fluxion z > Will become= rA 


v into TED x3 J * Conkequenty if N of 


rad I-Fddyy 


LE” Tay. the fluent of that fluxion will de —- — 7 . into 


3 L — 1 and when y=1, (CB= PM), then — S 
Aa a =y/ 


* 3 * ö 7 "RE * „ 
£ - 11 
2 
5 ECL 2 ——— — —— —— 
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(BT =) — — L—- 77 to unity, or as 2d 


i. 261. 


will be negative; therefore 74 into — al 7 L+= 22 will then 


32 8. ET the Curve AMB be a Semi-parabola, A the vertex, 
have =. 


quired. 


| have the ſame . CB, and the [ame height CG; to — that whoſe 


The THIRD — 
dd+1 


* N and L- * into ——- =, Which therefore is to 
the reſiſtance * the circular baſe generated by CB in that rotation 


24d-+ 2 I 


« Ll to 4. 
It CA be the ſecond axis; then 8 >a, 4 (=a9—1) 
c 1— 


be — Expreſſion requ ired. 


EXAMPLE V. 


CP=y, and the Semi- parameter of the axis AC, p; 
chen will * & = Ls and becauſe CP===y ; we ſhall 


LY EPP3 55 * this Fluxion of the reſiſtance of the Sur- 


face, generated by the rotation of the arch AM about the axis 
AC, and — ZE 7 x into che L. of 2 2 ) for the Expreſſion re- 


PROBLEM XI. 


326. FNF all the Fruſtums of a Cone, genre by the rotation 
of the trapezium BCGH about the axis CG, which 


Reſiſtance i is lea 


Draw GH perpendicular and HT ack to the axis CA: : then 
iH BT x, BC == =, TH=CG=5 ; we ſhall have CB CBT 


=24X — xx, BH = 45 + xx, and by the preceding Example 
cxx 
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(XX 20X —=x x 


o | = * vil be the reſiſtance of the Surſice generated by 


I. and gjon=;;n70 that of the Circle deſcribed by 


2 
GH: theſe two expreſſions being added together, will give 1 


b 5 . | | 
" X _ IS 4 —, which ought to be a Minimum. 
Therefore its Fluxion being ſuppoſed equal to o, will give 
24% W N CUT $—2ab*%% = . 


7 2 o. Hence we get x- —X =bb, 
„„ 9 OTTER, Wh 3 
= or * = 24% Aa d 22 Which gives the following Con- 
P 3 ſtruction, : EO „ To T4 
1 Biſect CG in K, and make KA equal to KB; then will A be the 
; vertex of the Cone, For KB=KA= Zy/4aa-+b6, and CA = 
5 27 4aa+bb+ 26, therefore AC: CB; : CG (HT): TB; ſince the 
18 product of the means is equal to that of the extreams. - 
dis 5 3 3 
YE | PROBLEM XIE 
327. F all the Surfaces that may be deſcribed by the rotation 
O of Curve MN (about the axis QP) which paſſes thro Pic. 192. 
two given points M. N; to find that whoſe Reſiſtance is leaſt, if 
moving in a perfect fluid, in the direction of the axis QP. 
1 let the Fluxion of the Curve at M be m, at N, 2, the Semi- 
ic} Mi - | En 5 EG 73 
ofe ordinate PM equal to y, QN equal to z; then will * — 45. 3207 
: . be the Sum of the Fluxions of the Reſiſtances at M and 
en 3 gk 


NJ which ought to be a Minimum. But becauſe the Curve is to 
„ das cho the points M, N, the lines PM ), QN (z) are tobe 
7 | | da- 


— . — 


# HI Wu : : NESW: 
. 4* BN = 
i 
ol 
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Therefore 2 = 
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taken as conſtant ; and as any two of theFluxions may likewiſe be 
taken as conſtant : if m, u, are taken ſo, we ſhall have 2 LL 


2 2 * 


＋ 


are &, ; then will mm 41-4 yy, and nn u ES. The flux- 


5 Now if the Fluxions of the abſcſſes in P 404 


ion of the firſt Equation will 1 , =y ), and that of the laſt 
ins; and ſubſtituting for 5) and # z, their values into 


LLC BEUU 


the Equation above, it will become —_ * __ But 


mitt man 


fince PQ ( *) is given, Au will be equal to o, or & =— 
X 8 Ty 
Which ſhews that the Products mm 


mm un 


2 * Y 


i ought always to be equal to each other, that is, 2 


to be equal to a conſtant quantity (a): and conſequently y 5 #= 


amm will be the dh Bq of the Curve required. 
In order to free Equation from the fluxionary Expreſſions 


= 27 and z to be a variable quantity ; ; then becauſe 
mm +2, ; i Equation 9 55 4 (amm=)aj*ax* will become 


27s per EL, org = +=: and taking the Fluxion d 


ſuppoſe #= —* 


this laſt Equation, we ſhall have J=S— = 5 Therefore 42 


—— whoſe fluent will be a= — Laz, ſupp 


ſing Laz to xp the logarithm of as. 
If we ſuppoſe J= 2 ＋ 3=0, we ſhall find nn 0, 


2 Ma; which ſhews that the Semi-ordinate P M cannot b 
equal to o; and if we make y = 2 + a Minimum ; then wil 


— 
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* 


be 4 
2 42 So, or aar=zx, and a2: and ſubſtitutin 8 this va- 
2 


hae 1 z, the Equation y= PM will become y=24; therefore 
the leſſer Semi-ordinate QN is = 24. And if we ſubſtitute for 


laſt z its value a, the Equation & = Laa, will become x= 34 


— Les. Conſequently if the abſciſſes begin at Q where the 
But leſſer ordinate ſtands, we muſt ſubſtract the quantity #4—L as, 
22 OW 


: 1. from the value of & 22 —Laz, in order to have — * "PER 
m L 1 or (becauſe —Laz-+Lag=—L= „ 212 — Ex = 
gt Wl for the true Expreſſion of the beit 5 e . 


*I the tabular Logarithm of oy - be multiplied by the T eciprocal 


Ons Modulus * R=2, 305 58 5 Ge, we ſhall have RxL = - for the # * 


auſe 
4 — 2 
Ae numerical expreſſion of that Logarithm, and x= — 3 a- RAI. 2. 


N. B. Though the Curve MN does not meet the axis, yet it 
: may approach very near it. For the Semi-ordinate Q N (= 2a) 
x = WF may be equal to any quantity as little as you pleaſe, provided it be 
a finite one; ſince the given quantity a, is taken at pleaſure. 
If y be a third proportional, to QN (24) and to 2; and QN 


22 


6 ſuppoſed . ſo that a be =1; the Equation = 2 — 


NL will become x=1—2QN—RxLz ; and if 5, be a third 


W to z and to 2 QN ; the Equation — . will 
Bbb ET 
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Fre. 193. 


* pendicular to the horizontal line EB paſſing thro the point E, from 


bers by the Modulus R, the different values of RxLz will be 


328. T O find a Curve, which (hall paſs thro two given foints 


which the particle M of the Curve is moved over, and = the 


times will be ==; which ought to be a Minimum. But be- 
_ cauſe the Curve is to paſs thro the points M, n, the lines MQ(s) 


s 
9 
< a ed 55 
He * 
1 
x * . 
* 
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become y=s+z : Therefore if z be taken ſucceſſively equal to 
the Numbers 2, 3, 4, 5, Cc: the quantities 1 and s, will be gi- 
ven; and multiplying ſucceffively the Logarithms of theſe num- 


found likewiſe; and fo there may be determined as many abciſſes 
as well as their correſpondent Semi-ordinates as you pleaſe. 


PROBLEM, XIII. 


M, n, and ſuch, that a moving Body, whoſe velocity is 
every where as any power m of its perpendicular height from the be. 
ginning of its motion, fhall paſs thro it, in the ſhorteſt time poſſible, 
From the given points M, n, draw the lines MQ, nq, per- 


whence the the Body began to move. Now becauſe the ſpaces 
moved over, are as the times multipliediby the velocities acquired at 
the end of thoſe ſpaces, the times will be every where as the ſpaces 
divided by the velocities, Therefore if QM , qn v, and the 


| 18 5 f | | 3 2 14 3 tg 1 
fluxion of the Curve at M, , at n, n; then will & expreſs the time in 


time in which the particle n is moved over; and the ſum of theſe 


nq (v) are to be taken conſtant. Therefore the fluxion of, n, 


being ſuppoſed equal to o, will give t . 
If the Fluxion of the abſciſs at Q be 5, that at q, « ; then will 
22=X*—+9*, nn =v*+ ; and the Fluxions of theſe Equations 


(by taking *, * as conſtant) will be 25 i, nnr ü u, or i= 


— 74 u . . | 8 . » . * 
and ; and ſubſtituting for &, # , their values into = 


— 
Sato ee N * 


of 1 Fl oades 


tows, i 


2x” 1 mom 


18 ad we ſhall have 5+% =0, or 3 = — 1: : Conſequently 


L e As Which ſhews that the products 2 


a ought dex. 
2 


S 


to be equal to each or, that i is, g ouhgt to be equal to a 


conſtant quantity a=": therefore = or jar = ar- wil 


be the Equation of the Curve required. | 
If the line MK. be drawn. perpendicular jo, the tangent at M E 
hi will MQ (x): MK (c)::5: 2, or z = and ſubſtitu- 


ting this value of 2, into Ja” = 2" , it will become a” = 
c . | 


Co An. 


329. I F m=1, that 


then will a c- i become a=c. 
perpendicular MK is always conſtant ; and therefore "the Curve 
E Mn will be a circular Arch, whoſe Center i is ſomewhere in the 
horizontal line EQ. But if 1 , that is, if the velocity is always 
as the ſquare root of the height MQ, that is, the N which a 


Body acquires by its own gravity ; then will a* =cx"Forvan 
=c=MK ; which is the Equation of the common Cycloid. For 
if upon the axis BA of that Curve, there be deſcribed a Semi- 
circular circumference BNA, and from any of its points M, the 
line MP be drawn parallel to EB, interſecting the circumference 
in N and meeting BA in P : then the pus as of the 3 
is ſuch, that the Chord BN is parallel and equal to the perpen 


dicular M MK: and d by the property of the Circle AB xPB (a 22 = 
BN=MK, or a x MK. Therefore, &c, 


i will become 22+ #2 o. But ines O Fn 


r nates 0 ch 
7 Klee from the beginning of the motion ; 
Which ſhews, that the 


i ; 


OTIS 


© Fo 


PRO B 'L B : Mr _ 5 


'B 2 4 | Body . fixed i in B, to an in fexible line DB 
void of gravity ; it is required to find the Diſtance 7 
the ap of Oſcillation of another Body P fixed to the ſame line, 
ſuch that "the Pendulum ſhall * its vibrations with the greateſt 1 


faijinef . 


Suppoſe DB Los) DA cd to 1 the diſtances of the 
centers of Oſcillation of the Bodies Q (c), P (d) from the point 
of Suſpenſion D : then if 7 expreſſes the diſtance of their com- 


| d 
mon Center of Oſcillation C, we ſhall have = aer a 


Now i it is evident, that the ſhorter DC (Si) is, the greater will 


aa xc 


be the celerity of the Pendulum ; therefore 5 45 ought 


to be a Minimum ; whence its fluxion being made equal to o. 


 2acdxx + cont — aacas 2 
ad T 7 7 So, hence we get er 


wil give 


aad 
3 


Therefore #= — Ac And | Gubltity 


Mo e 
ting for * this value into s = ir 2 ſhall have n= 


204 


- Vd. d for the diſtance of the center. of Ofcillation 
© from the point of Suſpenſion D. 


aad+-wxc * 
If in the Equation n = Ter be ſuppoſed equal to 0, it 


= become n; and if » be infinite, we ſhall have z==s, that 
n becomes likewiſe infinite, therefore that n 2 
| Au. ati) A « Minimun and no Maximum. 
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5 1 Q Maa as 


* — r on hall have yaw: e 4rt. "a 


5a+5 
odd + 109d--74a, or dd ＋ a2ad —nd an aa, and adding 


200 to both Bs ir welt be du. ae d 22 —5 = an nn 


* 
— 246, whoſe ſquare root will be date as 2 1 = 


ge, Therefore d = 2 4 . 


PROBLEM XVI. 


332. E the common center of 7 feillation C of the Bodies P, F16, 194. 


Q, well as that 2 Body md given; to fud 
the Diſtance DA of the Body P — the point of Suſpenſion D. 


The ſame thing being ſuppoſed as in the Article 330 5 wwe dal 


aad- E and—aad 


have n= adhes TT OE N and eddie; to both 


"4 
3 un 


fades, then will a ee 7 i whats Square 


root will give 2 n= a=, 41150 ſince the 


diſtance of the center of Okcillation from the point. of Suſpenſion 
of that Body is given, the diſtance required may be found 1 7 the 


help of the * g Problem. 
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PROBLEM XVII 


bio , 333. T0 fond the higheſt and the loweſt Point of the Helice 5 

16. 195. T Archimede's Mew, the angle AKB made by the a4 
zontal line AK, and by the Cylinder ABDE on which the Helice is 
formed, being given. 


Let AMBDYE be half the Cylinder, AmMB and DYE, 
the Semicircular baſes, CQ the axis, and ArRV the path of the 
Screw : and ſuppoſe R to be one of the points required ; then 
the Sections of the plane paſſing thro that point, parallel to the 
axis CQ and perpendicular to the plane ABDE, with the baſe 
AMB, the plane ABDE, the horizontal plane ASK and the con- 
vex Surface of the Cylinder, will form the rectangle PMS T. 
Now if Ac CB a, CP x, BV=9d, BK=6 ; AP will be equal 
to 4 r, and becauſe of the ſimilar triangles APT, ABK, we 


þ 
ſhall have AB: BK:: AP: Frs A, and by the 


nature of the Helice, the Semi- circumference AMMB (e) is to 
the height BV (a) of the Screw, as any arch AM (x) is to the 


3 

b 

a 

li 

* ſa 
correſpondent height MR= = — of the ame. Therefore Ms — C 
ab+-bs dæ | 5 
F 

G 

ar 

A 

G 

B 


wes de AY 


JB 


hs. At 2 


MR * N 2 which coghs to be a Minimum; 


by dx 


whence i its fluxion being made equal to o, will 6 =o, 


or bc = 2448. But by the property of the Circle, hs arion Z of 


ax 2aadx 


the arch AmM nan : therefore bc F000) 78 22 


1 
or r a : Hence we get CP= 


* bbcc—4aadd. Conſequently if C P = Cp = : 


7 2 — 449dd, and the lines PM, Pm are drawn perpeni- 2 
cular 
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. . 2 J ail 
- 7 vc X . SB 
= - % 4 1 
Va 2 1 . ii * 1 
- ", = WL - 


cular to AB, and from their Interſections M, m, with the Semi- 


circumference, the lines MS, ms, are drawn parallel to the ax- 
is CQ; they will interſect the Helice in the loweſt point R and 


in the higheſt r. es ” 
N. B. If this Screw be made uſe of in drawing up Water to 


any height, it is plain that the angle KAB ought to. be ſuch, that 


bbcc>4aadd. ii 8 85 

For, ſince when bc= azad, the two points R, r, will coincide 
with the horizontal plane As S K; therefore the level of the water 
will coincide with that of the Screw in the points R, r, united 
into one. FRY I 


334. Uppoſe a Power N to be applied to the Semi- eircumfe- 
rence AM in a direction of the tangent to the circular 


baſe at B, and it be required to find the proportion of that power 
and the weight of the Water. Draw thro' the lower point R, the 
line RL perpendicular to the horizontal plane ASR, and in the 


ſame plane, the line FR perpendicular to MR, and from the axis 


CQ let fall GH perpendicular to FR produced: then if RL (ↄ) ex- 
preſſes the weight of the Water, and LF is perpendicular to FR, 
the line FR will expreſs the power of the Water in the direction 


FH or BA. But becauſe FH is in a plane parallel to the plane ABK, 


2aad 


H will be equal to TSSPM= —3—(fin GB- CFB) 


and by reaſon of the fimilar triangles ABK, LF R,. we ſhall have 


3 n 
AK (r): BK (6) : : RL (2): FR = 25 and ſo the product of 


2a adp 


CH or PM multiplied by FR, ee ought to be equal to. 


BCN, in caſe of Equilibrium; therefore r cN=2adþ. 


But if BX be drawn parallel and DX perpendicular to the ho- 


rizontal line AK, the fimilar triangles ABK, DXB, will give 
AK (r): AB (29): : BD (m): DX (n), or r= — . Subſtitu- 
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ting for 7 its value into rc N adp, it will become me Nn. 
Laſtly, by the property of the Helice, the Semi-circumference 
AMB (c), is to BV (4), as the Semi-circumference c maltiplied 


by the number of turns (s) of the Helice before it arrives at D, 


is to the length BD of the Cylinder, that is, | 22 = there- 


fore mcN = (udp) — . Conſequently s: n:: p: N ; that 
is, the Power (N) is to the Weight (p), as the height of the 


Cylinder (DX n) is to the path of the Helice or Way paſſed over 


by the Water. 


Fac. 966. 
each place, the relation of the Times, Velocities and Spaces moved 


PROBLEM XVIII. 
335. IF Body falls freely thro' a vertical line BA and afterward; 
I paſſes over a Curve ine AM; it is required to find in 
over. 


Let the tangent MT at M expreſs the Fluxion £ of the Curve; 


and the ſubtangent TP, and ſemi-ordinate PM, the Fluxions x, 


5, of the abſciſs AP and the Semi-ordinate PM; then if v, 1, 
expreſs the velocity and the time from the beginning of the fall ; 
we ſhall have, the product of the time multiplied by the velocity 
equal to the Space moved over; or the product of the velocity at 


multiplied by M the Fluxion of the time equal to the Fluxion of 


| Whence two of theſe unknown quantities being given the third 


the Curve, that is 4v=z, or « uc x, ſuppoſing c equal to 1. 


will be given likewiſe. 


EXAMPLE. I. 


336. J F the velocity v is every where as any Power of the height 
BT; and it be required to find the Nature of the Curve 
AM fuch, that the Body ſhall paſs over equal Space in equal Times, 


If 


of FL UEgENTS AY 
If AB=9, we ſhall have vr ATA, and use, 9 


therefore vc, will become #xaFx" = * or * X a A Se &, 


becauſe c=1 ; whoſe Fluent will give ——x abs — 
for the general Equation of all Curves, * which the Body paſ- 
ſes equal vertical Spaces in equal Times, with a * every 


where as ax . 

If the velocity be that which a Body acquires i by it its own gra- 
vity, that is, if n =; we ſhall have K c = + 23 
the ſquare of which a TXX*=0#*-cy", gives (by fuppoling 


ca) xx*=ay*, or #/x=yy/a ; whoſe fluent will be 24 1 =Yy/a, 
or #8*=2ayy. Which ſhews that the Curve AM is a — 
cal Parabola, A its vertex and + ABits TRANS 


EXAMPLE IL 


337], E'T the Curve AM be the common Parabola, A its 
vertex and ay = x, the Equation ; and let it be 


required to find the times, ſuch that the velocities ſhall be every | 


where as the ſquare root of the vertical height BP. 


Becauſe he nd oh Ho and the Fluxion of 3 ba gives 
2 * 


j=—; we ſhall bares * ＋ 5 "= Ev aaFoes, and 6. 


*) e OR , or 15 r : the Flu- 
ava +x 
ent of which will give the time required. 
If the times are as the ſpaces moved over, that i: is, if a+x=1, 
or #=#, and the velocity be requieed, the reſt being the ſame 


as before ; ; we ſhall have v 4 Pax, oro 20 FAxx, 


for the velocity in any place M, 90 that a Body 8 in a Para- 
bola paſſes over equal vertical ſpaces i in equal times, 
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will C or CM=a—s, and CN : C 
arch AN i is to the fluxion Mn= 29, of W * there 


n. ui Ab Boo x. 


PROBLEM XIX. 


338. F ET a Body moving in @ Curve AM be akoays attra??- 

, ed. towards a given point C, placed in the Ci line 
paſſng thro the higheſt or lmweſt point A of the Curve; it is required 
to find in each place, the relation-betaveen the Rm Velocities and 


S — noved over. 


From the Center C, with the radii CM, Ca, deſcribe the 


circular arches MP; AN; meeting the lines CA, CM, produ- 
_ ced if neceſſary, 

at M to the Curve AM os 1 the fluxion of the Curye, and 
Fn be drawn at right-angles to Mn, a tangent to the circular 
arch MP; rn will be the Fluxion of CM, and Mn that of the 
Circular arch PM: and retaining the ſame Expreſſions for the ve- 
locities and the times as in the preceding Problem, we ſhall have as 


in P and N: then if the part Mr of the re 


before vu c. But if the arch AN Sh CA=a, AP=x; then 
: as the fluxion y of the 


= * ü mo 
fore S*=xX® + — of » OT x 7658 e Con- 
ſequently any two of theſe unknown Want es being given the 


other will will be given alſo. 


EXAMPLE. 


33 9. E ＋ the Body be attraFed towards the Center Cc by a 


arce which is every whereas any Power m of the diftance 


CM, of its place from the Center C; and let it be required-to find 


the arch AM ſuch, that the Body ſhall 70 over equal vertical Spaces 


in equal Times. 


If 


Of FLugnTs. 


If the line OX be drawn perpendicular to r M produced, XM 
will expreſs the velocity of the Body at M : and becauſe of the 
fimilar triangles Mnr, CXM ; we ſhall have Mr:rn:: CM 


(as): MX == X 4—X =vVz and fince =. or Sn, by 
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— 2 


ſuppoſition, we ſhall have (v c= x a=x = c C © 
be- =DELIEBESP  aad . x 


— 


* * 


— 557 — 2 — — 


a- —C" =" y* x a-: Whence we get ar V- — ot 


Scl yx a—v, for the general Equation required. 
If the Body be attracted towards the Center C, every where by 

a force proportional to. the Diſtance CM of its place from that 
Center; we ſhall have m=1, and a#y/ac—ex—cc= cy xa, for 


the Equation required. 


PROBLEM. xx. 


40. O Uppoſe the Extention of a Spring when wound up on a Cy- 
1 ED, a. to be every 14 as ies length 1 rh. 3 Fic: 1 8. 
find a Curve DMV, which revolving about the axis CX ſhall form 
ſuch à Surface, that if a Chain fixed to one end of the Spring and the 
other in D, and is rouled on that Surface; the ſpring will have every 
where an equal force to unroul that Chain. 5 


Let V be the point of the Surface where the end of the chain 

when rouled up is, take in the perpendiculars DK, VX to the 
axis CX produced, the lines KE, XL, in the proportion of the 
extentions of the parts of the Spring anſwering to the points D 
and V of the Chain, and draw the line LE fo as to meet the ax- 
is ſomewhere in C: draw likewiſe a Semi-ordinate MP meeting 
LE in N. Now becauſe PN repreſents the ſtrength of the ſpring 
anſwering to the Point M of the Chain, PN multiplied by 
the lever PM ought always to be the ſame, that is, that product 
ought to be equal to a conſtant quantity ab. Therefore PN x 
PM=ab. But if CK a, KP, EK =6; the ſimilar triangles 
- + CKE, 
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CKE, CPN, will give CK : KE: : CP: PN 3 


Con- 


tequently a ay Txy will be the Equation of the Curve requi- 
red, which will be an Hyperbola, C the Center and CX one of 
the aſymptotes. * N 


er An . 


341. Whatever the Law of the Extention of the Spring will 


be, the Curve DMV may be found provided that Law is known. 
For Example, ſuppoſe the Extention of the Spring to be every 


where as any power m of its length; then will y x e ab", 


er y x ax .. But if PN VA, the Equation of 
the Curve required will be az =y N ,j c xx; and fo on in any 


other TRE. 
PROBLEM XXI. 


342. s 3 O find the Nature of the Curve which a perfect flexible 


line DAK, fixed by its ends in a plane, will make if 
preſſed or drawn every where by Powers, whoſe ratio's to each other 
are given, either all in a direction perpendicular to DK, or every 


where perpendicular to the Curve. 


Caſe I. Draw OT at right-angles to the middle B of DK, 
interſecting the Curve in A, and from any point of the Curve, 
draw the Tangent MT as well as the Semi-ordinate MP to AB, 


and finiſh the rectangle MHTP. Now becauſe of the Equilibri- 
um; the power in the direction MH or PT, will be to the 


powers in the directions TM, TH, of the tangents at M and A, 
as MH is to TM and TH; or (if the line Og perpendicular to 


the tangent TM, interſects DK in E), as the line BE to the 


* 4.202. lines * OE, OB, which are perpendicular to their directions. 


Likewiſe if the perpendicular O h to the tangent at m, interſects 


DK 


e A wo AQJvoAA A __Fy_ 


1 Of FLUENTS. 
'DKin F; the power applied to the point m in a direction per- 


ndicular to DK, will be to the powers in the directions of 


the tangents TM, mh, as EF is to EO and FO. And becauſe 
this happens always; it follows that the power applied to any par- 
ticle M, is as the fluxion of the correſpondent line BE. 
<7 If AP x, PM =), AM =2, 'BO SA, BE == ; the ſimila 
triangles BOE, PMT, will give PM (4) : PT (x) : : BO (a) : 
BE= => - whoſe fluxion 1s 12 = led But 8" =4* 


WL 


＋&, by taking & conſtant, its Fluxion will give — =X; 


ſubſtituting for # its value into the value of u, we ſhall have 
uU= _— becauſe 2? n . 

Caſe II. Draw HR perpendicular to T M; and finiſh the 
rectangle RMSH : then will HM: SM or TM: TH, as the 


power z in the direction HM, to the power SM = 2 in the 


direction SM. But becauſe the directions of the powers 8 M, 


which are every where perpendicular to the Curve, are not pa- 


rallel to each other, there will be a part of their actions deſtroy- 


ed: if therefore SM be reduced into two, the one SV per- 


pendicular and the other VM parallel to AB; VM will expreſs 


| the efficacy of the power SM, that is, if TM: TH: : SM: VM 


2 0} 


S this fourth term 5 will be the expreſſion of the 


power M, in a perpendicular direction to the Curve. 


_ EXAMPLE I. 


A RN OW O find the Nature of the Curve which a re | 
the Air. 


From the Nature of Fluids, the preſſure will be every where 
rpendicular to the Curve, and as the product of the Surface 


vrefſed multiplied by the _— of the Fluid ; and becauſe the 
_ Eee 85 | 


line will make, bethg preſſed by the Atmoſphere of 


diffe- 
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difference of the altitudes of the Air which preſs any two points 
A. M of the Curve is fo ſmall, that they may be taken as equal ; 


the Force with which each particle M of the line is preſſed, will 


a 
be as its Flux ion & in that point: whence & . or & 5: 


and fince & was ſuppoſed conſtant whilſt x, y flow; the fluent 


of this Equation will be & ay: whoſe ſquare will be ( =) 
x * 


* EN if =a0y*, or xxx 29 x aa x, whence =); 


Vaa xX 


whoſe Fluent Laa will give arch. Which ſhews 
that the Curve 1 is a Circle in this Caſe, | 


EXAMPLE IL 


344. T O find the Nature of the Curve which a perfect flexible 


line will make, being Pee or "JR up with any Fluid 
whatever. 


By the Nature of Fluids, if PB==x, 2x will exper the Force 


a 


wich which the particle M is preſſed. Therefore * 5u="2,or 


25 ,,², by multiplying 4 5by - in order to make the E- 


tion homogeneous ; whoſe fluent will be Sxx= aay, the 


ſnare of this * is (S * wid ＋.— 4) or 1 K 
tion ah” 5 e 


EXAMPLE Iii. 


| 34 5. T the Nature of the Curve which a perfect flexible 
Chain 


Plane. 

_ Becauſe all the particles are ſuppoſed equ val and of the FTA weight, 

the force with which the parc M is drawn vertically, will as 
4 


will make, being fixed with its Ends in a vertical 
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Of FLUE NTS. 
; EF jd. A 
4 Therefore * $= = "05" er 4. fr Fa : whoſe F luent will be · a, 342. 


* 5 1 = becaulb E 1s ſuppoſed conttint': po: ſquare of this E- 


quation will give 5** = (aa: =) aa ＋ aa Whence 5* x 


—— WY ED — 


xXx — 4a =aax", or N — at A = d, will be the Equation = 


quan. ; 181 


AQax 


a "EN A . | | | 4 
ene e panes x if we ſubſtitute ary its value Y-, . 342: 


1 = 

| we ſhallhavez=y/xx— aafor the Expreſſion of any arch AM. But 
when AM=2z=0; then will Y -a o, or x ==; therefore if the 

abſciſſes begin at the the vertex A, we muſt ſubſtitute 4. & inſtead of x; 
Conſequently ax. 2a Frex = = ax will then be the Equation of the 


; Curve, and Mar F. 7 


EXAMPLE IV. 


2 46. To find the Nature of the Curve which a perfil fexible 
T line will make, being preſſed by the Wind Le uni- 


formh i in a perpendicular directi on to DK. 


Becauſe of the uniform motion of FRY Wind, the force with 
which any particle M is ſtruck or preſſed, will be as Z ; there- 


az 


ceding Example. 


fore & = 2 Which is the fame Equation as that in the pre- 


EX AM P L E 3 


4 ud tbe Nature of the Curve which 4 perfect flex- 
, a 79 ible line will make, being preſſed in each pies = 
which is as any ne m of its at ea from DK. a 


a8? 22 53 an- 


we ſhall have Zx" = = FL 2 Of & x" — 7 . (ſuppoſing 


: 1 _ * * 
1 . 
WII 8 * 
9 
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a=1), whoſe fluent will be = aui. Therefore if the 
_ exponent m is given, the Equation may be found in the fame 
manner as in the preceding Example. 3 | 


sn kn u 1. 


348. JT is evident, that whatever the Law of the Powers, 
I which preſs or draw a perfect flexible line according to 
any directions, may be; the Nature of the Curve may be found. 
For the ſaid directions may be changed into others either perpen- 
dicucular to DK, or every where perpendicular to the Curve. 


CoroLLasxry II. 


349. I T is likewiſe evident, that if the Nature of the Curve 
_— be given, the law of the Powers, which preſs a perfect 

flexible line, may be found, fo that it ſhall make the Curve re- 
quired. This we ſhall illuſtrate by the following Examples. 


EXAMPLE I. 
350. 9 O determine the Law of the powers, which preſſing each 
= particle of a perfect flexible line in ſuch a manner, that 
the Curve ſhall be a Circle. 3 


If AB BD, Bp PM = 9; then will yy gau 
be the Equation of the Circle ; whoſe Fluxion will give 5 — 
_ Therefore“ u= (5 = dj ; the Fluxion of which 
will be 222 2 : and if p expreſſes the force which 

W . a a5 
preſſes the particle M, we ſhall have © = . 
But 


"WED vans. 


But by the property of the Circle #= 5 ; whence ſubſtituting for 
apx 8 a a 


"> yan 


, their values, we ſhall find -— 
WF” . 


EXAMPLE II. 


351. 
Curve 2 be a Parobola. 


Let 24* = be the Equation ; 'T whoſe F luxion * give 


Fel Therefore 1 (=) 3 and 4 : and if p expreſſes 
the weight which preſſes the particle M, we ſhall have fs 5. 


But by the property of the Parabola, 4 = 2 Nee Y, conſe 


quently ( #=) ©; Pia, or p= 2 
N. B. If each . of the Curve made bs a perfect flexible 


line, be conſidered as a Vouſſoir of a Vault or Arch, whoſe inte- 


rior or exterior Curve be that formed by the line; it is evident, 
that they will remain in Equilibrium with each other, provided 
their Weights are in the ſame proportion as the preſſures by which 


means the Curve is formed, obſerving only that the e e of 


their Centers of gravity ought to paſs thro that * of which 
preſſure they are made proportional. 


D E FIN t Tito v. 


o determine the Law of the Weights, which preſſing each 
particle of a perfect flexible line in 125 a manner, that the 


* 4. 261. 


The Curve-line EMAmPF deſcribed by a given point M, of Pie ma, 


a circumference of a Circle GMT V moving over a right line 
EBF, is called a Cyclo:d, or if moving over a Circular earch EBF, 
an Epicycliid : the line EBF is called the baſe, the right line AB 
perpendicular to the middle of the baſe, the Axis, the point A 
the Vertex, and GMTV the generating Circle. 5 

| 5 Fff COR. 


201. 


* re. 189. 
« Art. 164. | 15 


Fic, 202. 
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 Conottany I. 


352. Ence it follows, 1. that the baſe EBF is equal to 
> the circumference of the generating Circle GMTV, 
and the part EG between the point of contact G and the begin- 
ning E, equal to the arch GM, and therefore BG, equal to the 
arch MT complement of the arch GM to the Semi-circumfe- 


' rence. 29. The chord GM will be perpendicular to the Tangent 


MT at M. For the difference of the circular velocities of the points 


G, M; that is, the velocity with which the Curve is deſcribed in 


will be * as the radius G M, and in the direction perpendi- 
ir to GM as well as in the direction of the * tangent MT. 
30. If about the axis AB as a diameter, the circular circumfe- 


dene BNAn be deſcribed, interſecting the line MP parallel to EB 


in N; the chords BN, GM will be parallel and equal, Therefore 


muck MT or NA, and PM PN arch NA. 


If AB=a, AP=x; then will AN Var; and becauſe 
"TM are parallel, we ſhall have, AP: ANor AN: AB 


= to the Fluxion of the arch AM ; i whoſe fluent 
M be n Therefore the arch AM is double the 


_ correſpondent chord AN, and the Semi-cycloid AME double the 


Fis. 201. 


diameter AB. 


59. If from the center O of the eülar baſe EBF, and with 
the radius OM, be deſcribed the circular arch MN; then tlie 
arches GM, BN, as well as the chords MG, NB will be equal, For 


fince the Fines OT, OA paſs thro? the Centers c, C, of the e- 


qual Circles GMTV, BNAn, and OB=OG, ON=O0M; the 
arches BN, GM, and conſequently the chords BN, GM will 
be _ 


GonoLi4ity It 
353. F MT expreſſes the Fluxion of the Curve EM, and 
the line Tr be drawn at right angles to OM produced, 


Mr will expreſs the Fluxion of OM; and if from the points B, 
N, the lines BX, NP are drawn at right-angles to ON and OA; 


the 


Of FLUENTS. 203 


the triangles BXN, MrT will be ſimilar, ſince the angle MTr 
is equal to the angle GMO angle BNO. Therefore, if OB=8, 
AB a, AP=x, PN=y, O ON=OM=2, we ſhall have ON : 


by 
NP:: OB: BX = =, and AN Wor: AB::PN: BN= 


Laſtly, BX: BN :: Mr: Mr 8 Bur (ON-DF., 


0 5 TE 
PN) 22 . whoſe Fluxion is 25 ele J 


. 
and fo — MT = == ( 2 2 AY , the Fluent of which 


Var 
22 
1 


= wp 7 that of half the Epicycloid AME. 


* vas will be the expreſſion of * arch AM, and 


o AR III. 


0 4- 1 F Ko expreſſes the Fluxion of the chord 3 5 -Bn,. 2 | 


the line ab drawn at right angles to K m, meeting the Fin _—_ 
baſe BF in b fg. 200, or the tangent K b to the baſe at K =_— ” 

20 1, will be the circular velocity of the point K with regard to 
the radius KD, ſuppoſing the point D to be in the evolute FDl. 
Now becauſe of the right-angled ſimilar triangles AnB, K ab, 


=p have An: Bn:: Ko: ab = to the * Fluxion of An, that * 47 197. 


is, ab= 4 But if mt expreſſes the fluxion of the arch Am, we 


„ 
ſhall have tm: ab:: mD: DEK, or by wil tm—ab : tm: 


Ari. 194. 
— fig 200, we ſhall » ens 


"NY a „ ax 
have mMD=2mK=—2Bn: and becauſe * tm = * = 3 


fig. 201, we ſhall find mD = 3 * I 


mk: mD. Conſequently ſince * tm 


— 

a — 
— — 
— Ja = 

— —— 

— 32 Io 

— — 2 


— 


— 


. 
. 4 (Noh 93 2 = 
„ 2 A 
g SY * 
. - 4 _ 8 6 
- - —— - , b — — — * 1 * . * — * , "pm * * — - — p __ — _— p — — 9 5 — - — — — — e ——— 
— wil _ 8 „ we 2 85 — : _ 1 — 41 . P 5 — — — - ” — — — — — — gp — — - re : : - — — 
— 1 7 * 6 . — - m—_— po - 3 . * 1 * 2 q 1 Y a, — * « — Ivo , 2 - =— — — — — 3 „ — 
A — * — wi — —— 2 —_ n . — r - = RA = > —— <> n= ae 3 a - —_ — i * nate. + n — — — 2 r 8 - . — a . . * 8 x te. x24 * F = = — —. * - 2 923 —— — 
— — — — — ——_— xr — 49 an — CG 9 —_— PR wy ay — —_— ESI =SX 2 N ö — - - 2 - RY 5 <7 : 4 {I = — * T_ = IM= MD — ria = " : . — 1 8 8 . A 
— 7 - Ds — — ws 3 wane — ni, — ods + gh = - 2 ey — —— — —— — —— N —— "os 8 Py — n „ 4 q r — — — "Ix: > 3 > — . — 22 . 2 A by —_ 
SIEGE III IX — FIG ZEISS 3 eng — Dy es Pres” * * _ = i a — = — —_ 2 — HA "> 8 — 8 — 8 2 tp ud" — — — > ny” — gb —— — — — - — —— 
— — ” — — po : — — — — - 8 — — — — — — > = — — - *: 5 — — = — — = _— - — by - — 5 —— A — — — 
=” = 2 = r — : X Rs. 2 — _— — d * r _ Rene > Pe, n - — 2 ; —— _— — 8 2 2 PIE 1 = = — — "WY — r "I — 8 "NS." - 2 ny N * 2 IE 
N 2 : > 5 2 3 5 R CY > apr" On 1 f 0 
a 1 * 
—— PC - 
. 8 . 7 
” . f 5 2 ; . X NY 526 2 1 f o —_— 
: 4 : . . : ; : . : . >> 3 — 5 5 i FI. s 1 4 
8 2 8 x A 4 2 ; 1 l 2 : | : 7 *. - . I G i 28 7 n N 2 In- 
wy HE * . 5 4 . g * 8 « 1 . * F - - £5 * _ 
* 2 - ( I . 1 — 7 $ . ASS 4 7 5 þ a 1 


be 


Fic. 200. 


F16. 201, 


therefore Tab, * 2 mK = = 


b 
250 Bæ n B for the Expreſſion of the ſpace FmK; and < . 


comes Al 4 ab „ and OI = = Ok= — 7335 therefore t K 
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ConroLLARY IV. 


355. 1 T is evident, that tm ab x 2mK will be the Fluxion 


of the Space FmK. And becauſe tm=2ab, in fg. 200, 
and mK=Bn; Bt Fluxion will be 2: Bnxab, that is, three 
times the Fluxion of the Segment BanB; ſince ab is equal 
to the Fluxion An, or equal to the circular velocity of the point 


n with reſpect to the radius Bn. Therefore the ſpace Fm K is 


triple the Segment BxnB ; and the Area of the ſemi-Cycloid 


FMAB triple the Semi-generating Circle. 


 a+2b ax ax 
* — — — hes 
But fince tm = x 3 in fig. 201, ind's Was 


4 
Ig * RE Bn, or bas Bn 
2Vax 


ax. 


v7 apa is the F luxion of the Segment BxnB; we ſhall 5 


a-1-30 


X Bx nA for that of the Semi-Epicycloid FmABKF. 


CoRoLLARY T7. 


3 55 T H E evolute FDI of the C ycloid F mA, wal be ano- 

ther Cycloid equal to the Amir For let FH be = = 
AB and perpendicular to FB, and let the line DQ_ parallel to 
BF, interſect the Semi-circumference whoſe diameter 1s HF, in 


L. and HF in Q: then becauſe mK=KD=Bn, FQ will be= BP, 


QLa= Pn, and LD = FK =arch Bn= arch FL, Therefore, 


ſince this happens every where, FDI will be another Cycloid equal 
toFmA,; F the vertex, HF the axis, and HI half the baſe. 


ab 
If K k be = PAW, the point D of the circumference KDk, 


whoſe diameter i is Kk, will deſcribe in the rotation of that Circle 
over the circular arch 7 k I whoſe radius is Ok, another Epicy- 
cloid IDF, which will be the Evolute of the Nan Fm A. For 


becauſe when the point m coincides with the vertex A, m D be- 


aa 2b bb 


(9) 


of FL ENT s. 20 


ab bb 
(a): KEA: KO! RO = : arch KF: arch TY: 
and ſince the arches FK, m K, are always equal as well as the 


arches KB, tm ; the arches 'Dk, kI, and — the 
arches KD, F k, will be likewiſe equal. 


C o ROLL ARY VI. ; 


357. I F the generating Circle GMT V, inſtead of moving ; 

without the Circle EGBF, did move within the fame ; 
the point M would deſcribe another ſort of Epicycloid, whoſe 
property will be the ſame as thoſe of the former EMA mF, ex- 
cept AB (a) which before was poſitive, will be here negative. 
Therefore by changing the Signs of the odd powers of a, all 


what has been ſaid with reſpect to this will be true with reſpect 


to the other, 
PROBLEM XXII. 


3 58. 1 F 4 Body nh compelled by its FEY moves over. a * Pie. 193, 


cloid EM A, whoſe baſe EB is placed horizontally, and its 
vertex A downwards; it is required to fine Time, in which the 
Body moves over any arch MA. 


Becauſe JAP expreſſes the velocity v which the Body acquires 


by moving over the arch MA, and /AP i is as AN or as half the 
arch MA ; it follews that the velocity 1 is as the ſpace moved o- 
ver; and therefore the time is given and equal to the time in 
which the Body would move over the Semi-cycloid EMA. 


Co 


359. F BP=x,AB—a, 2ANor thearchAM will be= 1 
and y/x will expreſs the velocity at M. Therefore the F lux 


A of the ſpace EM divided by the velocity y'x, will | 
Ggg give 


ion 


Vaan 
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give = 2M 4 6-4 for the Fluxion of the time, But == is the 
9 ax—xx Vax— xx 


Fluxion of the arch BN : conſequently vil expreſs the time 


$ BN 
in Wench the arch EM is moved over, and * _ ; that i in which 


a — 
the Semi- cycloid i is moved over. And fince . = va exprefſes 


va 
the time of a falling Body thro' BA : the time in which a Body 


moves over the Semi-cycloid EMA will be to the time in which that 


Body would fall tbro AB, as the Semi-circumference BAN is 10 its 


Fro, 201, 


= 
® Art. 353 


diameter BA. 
PROBLEM. XXIͤI. 


360. 7 O find the Time in which a Body would move over any 
arch MA of the Epicychid EM A, with a centripetal 
force every where proportional to its diſtance from the center O. 


Draw. OY perpendicular to TM produced; then VM will ex- 
preſs the velocity of the Body at M; and becauſe of the ſimilar 
triangles TG: TM: : GO: MY ; and ſince TG, GO, are gi- 
ven, the velocity MY will be as the Fluxion TM of the Curve 
AM ; and as this happens always, the velocity with which any 
arch MA is moved over, will be as that arch; and therefore the 
time will be given and equal to the time in which balf the _— 
. EMA is moved over. 2 


n 
V BP=x, then will ON=OM= zx Abb Cabr-Cox, AP = 
a—N, and the Fluxion of the Curve at M will be* Y + *ax 


* x 


and drawing v2 perpendicular to OM, MY will 


bo aaa 
be to M Zz, as the Fluxion of the Curve is to the F luxion of OM; 
and becauſe ef the fimilar triangles OM: MY ; : MY : Mz, 


or 


Qf B.LUBNTS, 207 


or OM «Mz =22=b3+1a4=MY, and the ſquare root of = 
fluent 6x--24x will expreſs the velocity at M, or becauſe þ 
is given, that velocity will be as Yu. T herefore the Fluxion of he 


Curve 5 + la 5 7 — - divided by the velocity V, will give 


aa—a 
"= 1 = for the Fluxion of the time : But — oa 
"9" Var vV aX—Xx%X 
| b | 
is the fluxion of the arch BN : therefore I, x — will be the 


. Expreſſion of the time in which the Body moves over the arch EM, 
ra BNA 
and * * * that of the time in which the Body moves 


over half the Epicycloid, which therefore is to the time in which 


b 
that uy: would fall thro' AB as * BNA to AB. 


PROBLEM. XXIV. 


62. 0 nd the Nature of the Curve EAF, afſing thro tao 

4 T fo points M, N ſuch that a Body 2 any Centri- ri. r. Oe: 
petal force hall 50 over it in the ſhorteſt time poſſible. 

From the Center of forces C, with the radii CM, CN, deſcribe 
the circular arches MP, NQ, meeting the vertical ne CB i in P, 
draw CT perpendicular to the tangent MT at M, and the 

line TR perpendicular to CM : then if MT (a) expreſſes the 
Fluxion of the Curve in M, MR will expreſs the luxion of 
the line CM. 

Now if CM expreſſes the centripetal force at M, MT will ex- 
preſs the force or velocity in the direction. MT; fince the force 
CM is equivalent to the force CT with which the Body. is 

drawn towards the Center C, and to that MT with which it 
moves in the Curve: and becauſe of the ſimilar triangles CM : 


MT : : MT: MR, or CMxMR=MT. Therefore if the per- 

pendicular PH to CP expreſſes the Centripetal force at M, and- 
the Curve GHIK is the locus of all the points H; the ſquare root 
of the ſpace PBGH will expreſs the velocity of the Body at M 


acquired 


CONF * = 
55 = 


_ IO Io — 
- — 5 _ N 
* Ls oy Hr * 


- > py — 
CC RTE wy ER 
— oo I 
: 


1 
W 
i 


rm. 


ZI 


RR 
. — — 
. K — wm ry ws 0 8 
* i 


— 


2 
— 


px — 8 
— Re — —— — 
yore ue a 


F 
—— 
—— 
— 
a, 


14 
Mas pf 


_— cas * , 
== * 
n 
A 
9 
wy ; 
TX; / 3 
_ 1 
3 q 
CR * 
3 
A Y * 
75 U I 
2 n 
7 YE 
+ 4K? ; 
* 4 4 
K 
- >, 
- *, 
a N 
n 
3 
4 : 
1 * 4 
3-% 
I& . ; 
Or” IN 
. 
- SS; 
©: ' 
T ». 
* p 
** * 
n . x 
$3 ! 
b 
-" 3 
Nr - 
"= — 
3 
* 5 . 
1 4 4 
* ig " bs 
is, 43 g « 
- 2. 
bt * 
£2) N 
4 * $4 
& » 
5 0 
1 4 
p oy t 
\ * 1 
” 7 {IN 
Wy a 7 
12 0 * 
1 4 & bo 
. \ . 
x: | 
1 "4 4 7 
7 } : 
A * 
5 * p : 
4 2 5 
* x! 
4 : : 
q P 
3 3 
1 
* 
i. 
1 o 
_— 
*. ; 
39 * 
* 
ps. « 
LG, 
1 bl l 
"4.8 
* 4 
1 8 
"a — *Y 
"- .3 
3 * 
-»+Y} * „ 
. = A A 
Phy 
5 5 
1 
a 
a 5 | 7 

* 

14 
3 
I r 

nf 04 a 

Mc =E" G 
MF : . 
©, 207 I 
: uy a J 
b 7 
8 * 
+0 * 2 
-; = * 
3 » 5 b 
N wel 0 Z 
. # . 
4 \ 4 
* 3 y * 1 
Ws L . 
_ * X 
. f 
SER 
_ 
, I * - 
pe” 2 7 
. $ 
Py * * 
1 * 
þ , 
* 5 4 
*S 3 
Kt > q 
4 Ig 1 
1 2 
Vo 4 in, 
_ : 
= 
: , 
tt) 4 
= 
. 
8 { ; 
. 2 
13 , 
= 
+ , 
7 
_ bs 
x 4 4 
_ 5 
EIS + 
"Is 
= e 
9 : 
ol | D 2 8 
1 -F 
— 3 5 
» ED ' Þ 
2 * . 5 
_—_ 4 
1 5 | 
6 : 
8 9 k V4 
„ * . 
Wb * 
Wes > 
= 8 
3 
Py * * 
mY =. —""M * 
4 ; s 
N 2 7 
s by * 
— 3 4 
8 
of 2 
25 2 
* F< 25 
1 = 
>. 2 
3 
2 8 ! 
4 E 
* Fa Y 
Py 
"7 * 1 
. 3 , 
* os 
- 
N 


<> > vs a * 4 $4 2 & 2 38 
n p eee 
. i rt 49 al ER oe Tee + 


a — PV. hp 
DL OS 
rn ͤ mä Ä ²— a 


08 


The ThlRD Book. 


acquired by moving thro EM, Likewiſe, if the perpendicular QI to 


AB meets the Curve HK in I ; „BGI will expres the velocity 


at N. Whence if v be the fluxion of the arch EN, and = 


+ PBGH, d=y/QBGI ; we ſhall have = +:5 for the Sum of 
the fluxions of the times in M, N; which ought to be a Mini- 
mum. but becauſe the points M, N or P, Q are given, the 


and ſince the points M, N, are given, the fluxions of CM, CN, 


are conſtant ; therefore if y, u, expreſs the fluxions of the arches 


2? 


MP, : NQ we ſhall have 2 2 * 5. D A2 "of 2 322 


Un uu 


= ; whence {+ o, will become E = 0, But 
| Becauſe the angle MCN is given, the Sum y 2 of the . 
of the arches MP, QN will be =o, or y= — 1. Conſequent- 


e , 


OS 3 4 TAR (SE 13 4 | 4:5 2 | NE: 
ly hn = 0) ===: which ſhews that the quantityZought 


to be every where the fame ; that is, equal to a conſtant quantity 
CCC Og PR PO 9 ER 
72. „ LOOSE. 


CO ROLL AR v. 


363. L Ence, if from the loweſt point A of the Curve, the 

line AK be drawn at right-angles to CB meeting the 
Curve GHI in K; then will ABGK =ag. For when the point 
M coincides with the point A, z will be =y; and therefore 
#=y/ABGK. Likewiſe, if the fluxion of CM be, AHR 
=(#=#/PBGH: Since gay = (cexz) ccyy ec, or aa —CC K 


— 


SAPIIRK. 


E II =CC Xx, of y V da- cc . Therefore x /ABGK or ax= 


E- 
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EXAMPLE. I. 


304. I F the Center C removes at an infinite diſtance, ſo that 

the lines CM, CN, become parallel and equal to CA; 
then the Semi-ordinates PH, A K, become conſtant, ſuppoſe 
Sa; and if AP , the ſpace APHK will be a. Therefore 
a%(=2/APHK)=2zy/ax. Which is the Equation of the Cy- 
cloid EMA, For if AB a, AP =x; then will AN SV, 1 ok 
and * 2: :: (AN: AP: :) AB (a2): AN (Ya. e e ak 


EXAMPLE II. 


365. 1 F the centripetal force be always as any power m— 1 of 
I the diſtance of the Body from the Center C: then if 


CM = CP=x, CB =, CA =a; we ſhall have & for the =P | 


Fluxion of the ſpace PBGH, and — PB GH. But when 
CP=CB(x=b), that ſpace ought to be =0 ; therefore 3.— — a" = 
l 


PBGH : and by the fame reaſon APHK = er — an. 


r R 


If 2, — then will 22x” — 224” bu —xn, or &= 


m 3 * | — 
in 42" 22", whoſe fluxion will be 4 = — & into 
ITS I= 2232 5 


H hh a” 


* > * 


210 The * IR D Bo P * 


| " "Im .. a” 22 = In am 22 
an ZZ X bl _ — 2 „ ds 5 


1+ 221m 3 1 95 a 
| of this W * divided by — * and the ſecond by its e- 


Novy the firſt Gde 


mM 2X 2 an 2 T 
My SX bn Fn 2 We ſhall have i nto — 


ara 0 bn. Por SS 


">a E 4 =. 16; 
= P—_— ore db = „ into — —— 
2 


Z 1A * to E Fluxion propoſed. Conlequently if D ex- 


2 
preſſes hs 1 an whoſe radius * tangent are as — e 
2, and d the arch whoſe "_m_ and G2 85 are as unity to ⁊; we 


ſhall have the arch Be=v=— bD — —þd: and ſo the arch Be 


being given as likewiſe CM, the point M of the Curve required 
will be given alſo, 


If the centripetal force were reciprocally as any power 7; „of 


the diſtance of the Body from the center C; then will - 8 _— 
3 x. — 
55 a _"_— and 2 —® =" om =APHK. There 
3 Amn * py + us af (im Pegg am 
fore v = "Jax v - = a Conſequently i if 2 — 


and D expreſſes the arch whoſe radius and tangent are a8 = wo to 


2; and d the 8 whoſe radius and tangent are as unity to z; 
24" 24 

then will v D — „ d: Whence the point M will be 

feund in the fi manner as before, 


PROB, 
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PROBLEM XXV. 


366. TO find the Nature of the Curve which a Ray of Light 

T deſcribes paſſing thro a Medium, whoſe denſity at a! 
diſtances from a given Center, is equal, and increaſes by approach- 
ing the Center according to any Law. . 


From the given Center C deſcribe the circular arches PM,QN, 
meeting the Curve ſought in M, N, and the vertical line CA in 
P, Q: draw the lines AG, PH, QI, perpendicular to CA, and 
| fo as to be to each other as the. denſities in thoſe places. Now 
if the equal parts MT, NV, of the tangents at M, N, expreſs the 
Fluxions of the Curve in thoſe points, and the lines TR, VS are 
drawn at right-angles to CM, CN ; then MR, NS will expreſs 
the Fluxions of the lines CM, CN; and becauſe if MT, NV, 
_ expreſs the velocities with which the Ray pafles thro* the parti- 
cles M, N; MR, Ns, will expreſs the velocities with which 
that Ray approaches the Center C. But it is known by Experi- 
ments, that the velocity of light increaſes in proportion as the 
denſity increaſes. Therefore NS: MR:: QI: PH, that is, if NV 


=TM=#, NSA, QI=v, Plc, we ſhall have MR==" : 


and if the incident angle in any given place M, is given, the ra- 
tio of TM to MR will be likewiſe given. Conſequently if TM: 
MR:: : n:: : — we ſhall have 2 =—=s for the Equa- 
tion of the Curve required. 

| Becauſe the denſity c (PH)in tie given place P is given, ifi a. 
then will z a be the Equation, 


EXAMPLE. I. 


367. E T the Center C be removed at an infinite diſtance, 
Wola I. ſo that the lines CM, CN, become parallel and equa], 
and let the denſity be every where as the power m of the a” - 


The Tmlk D Book. 
* N medium, then will v = a x be the Equation, If m 
=2, we ſhall have 2&/x=z4y/a, or 2/ax=ax, which is the Equa- 
tion of the Cycloid AME. For if AP=x, 9 then will 
ee AP: i I). AN | (Vas). | 
Ane F | 
EXAMPLE TL - 


368. Ir the Denſity! is every where mans power n of the Di- 
1᷑ ſtances CN (x) ; then will zx* =2a” x and if the cir- 
3 be y; then will y r- =2?, and ( 2 =) 
* r' u a, of „N . xamogm; whence 
& 


f = „an . Fo) the circular 0 deſcribed with the ra- 
dius CA=b, meets the line CN Fa in n, ang if the arch 


. 45 „8 


An=u, then will CA @); CN (x)::u ty j=: therefore 3 5 
** K 2m 2m bs — 
nee ve dee, e ve. 


In order to . the Curve, ſuppoſe a v m gem rz; 
then will a an vεν,ꝓmU n, or 42. x =am; and bo 


= = 8 — whoſe fluxion will be — OY = 
ma® J T vo 
2 


AM =:: and ſince Leg in, ſubſtracting each ſide of 


this Equation en , chen will 1+v0 A x, 
= 5 8 BD e 36 hy 
' Whence — t 1 gem *. = = — —— — . 


mx1-vv n ο 
Conſequently if D expreſſes the arch whoſe radius and tangent 


2M x; 2m b 
are as unity tov =( va — =), we ſhall have SD = 
4. Now ſince the angle NCQ or the arches An, and CN are 
given, the pour N of the Curve required, will be given alſo. 


THE O- 


Of FLUENTS. 


THEOREM 1. 


369. C0 Uppoſe 2-v", whoſe Fluxion is une i 4- 
mai que i; which may be reduced to this other form, 
nu MEU x1ntO 2 Th—lqgm—1, 


Now if v eu, then will 5 3 and ſubſti- 


tuting for v and d, their values into the Fluxions above, we ſhall 


have 1uααετν = t n - iu, and ernz + 
r+mnfsz „ into 27914 — Therefore, if A Zinn, 

Basin S N i ym! ; ; theſe two laſt Fluxions 
will become rnA+mnfB, and ern Cn, nf B. But fince 
2 un is the fluent of both theſe Fluxions; we ſhall have 


I | 
Anf B= . er Cf B = = nee, and 7A 


+ mfB= = erC+r— Fm, fB, or A=e C And ſubſtituting 
for FB its value Ame C, into An = nee, it will 


beome name = = rewe. Conſequently any one of 


the Fluents A, B, C, being given, the other two may be found. 

= ve Fx. gain, then will d =nf's a i Cane 1 B; 
and ſubſtituting t theſe values of v, v, into 1 2 v7 + 
mg! ny yn—1, and nur + m x into 2=—: un—1, we ſhall 


have 72 1 gym v* Wa 322+ —lo-l<- angabe nay, : 


and ern x * n, f 2 z Tram, ng z x into 21.1. 
If therefore A=s 27—19n , B Leibe = i, C = 1 
your,” D =# dan vn—1; we ſhall find in the ſame manner as 


above, that AB n= = ro, erD+ r+m, 


fB+r+2mgC = Wave, and AE B= 2mgC =erD 


+r+m, dr 5 or A=eD — fB+gC. And ſubſtitu- 
ting for B, C, che values taken in the laſt Equation, into A 
f BT angc ung”, We ſhall have ER 9 


I11 


— 
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N 4 5 WF . 1 
$7 n Frog 7 7 * "Es 4 4. \ = Cs 1 — 
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e vm, ind . B-2 em D= 55 vn. Con- 
aue any two of theſe fluents A, B, C, D, W given, the 


Ta % ry; = * N 
k SY A411 NN 


\ 


r N N hk 


THEOREM II. 


370. ( . Z , whoſe Klunios is Tu g i 1p - 
my I 1 l 7 =! att which may be redu- 
ced to this form u 277—1 v0" wu mo vt tn 15 an. pi 
zr, or to this rn i UP nd n= * t. 8 1 
vin . 
Now if ve Y, u= 9+ . then will v EA „ 5 


1 nE I; and ſubſtitnting theſe values of v, 4, 0, , into 


the Fluxions above, we ſhall have 71z2"—! yn" us +mn 13 
EE mmnfe2'"; 


1 + auh 1 ei, and ernkzm—i un-1 2 rn, 


nf 3 Z i . Ten Ie! Vm 41, and ug ð 
WT ix —1 — ＋ $, nh -i 4 —1 12292 3 1. | 
ham if A zin 1 n , B = Zu- 10. 1 9s 1 8 = 
S H 1 t, D mr, Ex ⁊ru — 199 1—17; 


pg” 
we ſhall have A B — 7 2/9 u , and erD+ 


TIT 5hC= > 2p 1, and E . be + mfB 


3 _— vn uw, Now if we add the firſt Equation to the other two, 


: we ſhall have A=eD--FB, and Ag E+4C ; or A—eD=fB, 1 


A—gE=hbC: and e the les of f B, „C, into A 
+ mf BNS = _— vn ut: we ſhall find Pm, A — meD 


+ C = 1 , and r+s Am fB—sg E= eu. 
Conſequently any two of the Fluents A, B, C, Ge. being given 


the reſt may be found. 


E X. 
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E X AML E I. 


371. ET C expreſs the fluent of XY , and let it 
be 3 to * the TO of ad xx aa. xx. 


1 


4 e e 1 2 2, 11, or m=2, emaa; 


= ey. = XX, and 12: : then will * * ( 1.1) 1 
3 — e,, 457 369. 
=XVaa—xx, and B (= S- 1 1) = ⏑νννh! d&: 


9 herefore 9 the values of e, 7, u, n, x, v, into er 
n, FB — 7 2/74”, we ſhall find 2 140. —2 B=. 


3 — 
I: Or 44C — Ag x e — B= to the Fluent re- 
quired. OI EV uy - 


EXAMPLE II. 


— — — 


372. L* TA expreſs the Fluent 7 x FM and let it 
be required to find the Fluent 2 * * νu >, 


—— — — — — — — — 


Suppoſe v/aG—xx = = vn, m ade, 4 I, , n=2, 
then will A (S — 1 ) S r, and 8 (Anbei —1) 


Op — — 


—2 
=XX a—XX = 3. therefore, ſubſtituting the values of 7, m, 


1 
* — 33 
e, u, 2, v, into uA me C = 5 zun un, we ſhall have « 4, 56 | 


A- fac Er x, or C=7 TIFF A X a de = to the 
Auent required. 


Gora Lt L AR v. 


373. F v=e+f2”, and 5, 7, expreſs any hel numbers 
K whatſoever ; then if the fluent of ⁊ 2/"—1 vn be given, 
the fluent of æ 2 π Ye -, and of 227%—1v” may be 
found. 
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Likewife, if v e 2 * . 22%, and the Fluent of z 211, 
&211-+2—1 Uni are given : then it s, t expreſs any whole num- 
bers; the fluent * 2 K 1! and of 22 .—1 ve, 


may be found; and ſo on ad infinitum. 


N. B. The following Tables of Fluents ka been eee 
by the help of the forms exhibited in the firſt Theorem, which 
may be continued ad inſinitum, ſo as to contain not only the 
Fluents of Binomial expreſſions but likewiſe thoſe of Trinomials, 
Quadrinomials, Sc. multiplied or divided by others which are ra- 
tional or irrational. But as the ſeveral Caſes of each form are found 
by the help of one or ſometimes two given ones, we ſhall ſhew in 
the following Examples how they are to be found, as allo how 
to proven 1 in any other Caſe. 


EXAMPLE I. 


2 —— 1 - 
Firm II, ao. | | . he | | 


If D exprefles the circular arch in _— whoſe radius and 
tangent are as ( Y . to 2 l. when + 7 7 i poſitive, or if Lex. 


| pre ſſes the Logarithm of = when 5 negative; then will | 
= 


—7DEK be the Fluent required in the firſt Caſe, and a LR 


in the ſecond, ſuppoſing K = 0.017453292519943 G.. and 
R=2. 302 58 5092994 
For che Fluxion of 5 arch whoſe radius and tangent are, as 


nr S271 ess 
r to zue, will be 3 


rr +27 | = ebfan 7 But this 18 
| likewiſe the Fluxion of * DK: Therefore that Fluxion mul- 
d zl— 


tiplied by — = s ill give A for the Fluxion required. And 
| the 


Of F — fe 217 


22 0 SE 
the Fluxion of the Logarithm of ab" 47, will be * 54 : - SS 


or by multiplying and e that F luxion by 2 4. 


22 — 1 —- un 


. : and the fe lurion of the Lak 


zu —rr 


n 0 
E 1 N 


4 22825 — 1 
of ver — rr, vill be © . ; which being abend from the 


LL LI | 
| former, F FT give © W W for the F luxion of, LR. Therefore 
11 - ie! 24 1 — 
. this Fluxion multiplied 1 Pong? will give Es . the flux- 


e 
5 ion required; becauſe —r= = 
ee 


4 1 — | 
375: * O find the Fluent of e | — . 2 ae of 


Form II, when r = — 


It D expreſſes the circular arch in degrees, bot radius and 


tangent are as e = 4) to -i when 2 1s poſitive, or it L ex- 


aten mal TY 
- bal che DO of —= A when is negative ; then 
—2d 
i will . 6 #567 DK be the fuent in the firſ Caſe, and 
_ EY in the ſecond. 
For the F luxion of the arch whole radius and tangent are aß 
—:urræꝝr-i—1 8 2 —.— I 
to ab, will be — r 2 — Aer , and the 
—24d Za ⁊ Ad 21 12-1 —. 
F luxion of — els L ls 725 — — therefor 55 Fer — 


Kkk ney” 


7 Ee o_ Ss p Hor 2 
* 93 : by 4 . * —_— 
. 0 15 4 2 2 — * 1 "+ F526 8 - = 
= 5 - "EM 2 2 "1 FE. * 2 8 - Mg GX 42. an tax ERR by * 3 
* PY Sh - 4 's 2 "7 — 1 & _ 2 2 * 7 = - - bs f. 
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